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I. I NTRODUCTION

Let (X,F) be a given measurable space, andA ⊆ F be a set of (possibly infinitely many)

measurable sets. AssumeX ⊆ R
2,i.e., the sample space is a planar region. In accordance with

[1], define two probability spaces(X,F , P1), (X,F , P2), and draw two collections of samples

S1, S2 i.i.d. from P1, P2 respectively. LetS = S1 ∪ S2. Our goal is to find a finite subset ofA

such that this subset gives the same set of intersections with S asA. This property is what we

will define as “completeness”.

In this report, we letA be the set of planar disks. We propose a way to choose a finite subset

of A, and prove that it is almost surely complete under certain conditions.

II. COMPLETE SUBSETS

We call a subset “complete” if it satisfies the following definition:

Completeness Given A being a collection of measurable subsets of spaceX, andS ⊂ X be

a set of points inX. Let H(S) ⊂ A be a finite sub-collection of measurable sets which is a

function of S. We call the collectionH(S) complete for S with respect to A if ∀A ∈ A, there

exists aB ∈ H(S) such thatS ∩ A = S ∩ B.

Now let A be the collection of two dimensional disks. Hereafter all sets are closed unless

otherwise stated.

For the set of sample pointsS ⊆ X, consider the finite sub-collection ofA defined by

HD(S)
∆
=

⋃

(si,sj ,sk)∈T

HD(si, sj, sk) (1)

where

T
∆
= {si, sj, sk ∈ S3 : si, sj, sk are not collinear},

and

HD(si, sj, sk)
∆
= {D(si, sj, sk), D(si, sj, sk) \ {si},

D(si, sj, sk) \ {sj}, . . . , D(si, sj, sk) \ {si, sj, sk}}

whereD(si, sj, sk) is the disk withsi, sj, andsk on its boundary,i.e., HD(si, sj, sk) is D(si, sj, sk)

and all the7 variations for excluding some of the3 boundary points. See Figure 1.

We claim the following is true:
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D(s1, s2, s3)

Fig. 1. Members ofHD: D(s1, s2, s3) ∈ HD; D(s1, s2, s3) \ {s2} ∈ HD

Claim 0.1: Let S = (s1, s2, . . . , sn), n ≥ 3, wheresi = (xi, yi). If S is such that no three

points inS are collinear, and no four points inS are concyclic, then for any diskA, there is a

disk A′ s.t. A′ has three points on the boundary, and

A′ ∩ S = (A ∩ S) ∪ {at most three more boundary points}.

Proof of the claim: See Appendix.

Using the claim, we can derive the main result of this report:

Proposition 2.1: Let A be the collection of two dimensional disks. ForS1 andS2 drawn from

P1 andP2, if P1 andP2 are such that any set with Lebesgue measure0 has probability01, then

the finite collectionHD(S1 ∪ S2) in (1) is complete with respect toA a.s.(almost surely).

Proof:

Let S = S1 ∪ S2. SinceP1,P2 have 0 probability on 0-measure set and both a line and the

boundary of a disk have Lebesgue measure0, we have that with probability1 (i.e., almost

surely) no three points inS are collinear, and no four points inS are concyclic.

Apply Claim 0.1:

1This is true if P1,P2 are absolutely continuous,i.e., having pdf, because any measurable function has integration0 on a

0-measure set.
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Given sampleS = S1 ∪ S2 and a diskA, a.s. one can find a diskA′ such thatA′ has three

points on the boundary and the same intersection withS as A except on the boundary points.

Now defineA′′ ⊆ A′ such that for anys ∈ S on the boundary ofA′, s ∈ A′′ ⇐⇒ s ∈ A. Then

A′′ ∩ S = A ∩ S. SinceA′ has3 points ofS on its boundary,A′′ ∈ HD(S).

APPENDIX

A. Proof of Claim 0.1

Proof:

Let S = (s1, s2, . . . , sn), n ≥ 3, wheresi = (xi, yi).

DefineD(a, b, r) to be the disk centered at(a, b) with radiusr (r ≥ 0), i.e.,

D(a, b, r) = {(x, y) : (x − a)2 + (y − b)2 ≤ r2}.

Given diskD(a0, b0, r0), let

D(a0, b0, r0) ∩ S = {s1, . . . , sk}.

To avoid the trivial case, supposek ≥ 2. Define

P = {(a, b, r) :

(xi − a)2 + (yi − b)2 ≤ r2, i = 1, . . . , k (2)

(xi − a)2 + (yi − b)2 ≥ r2, i = k + 1, . . . , n
}

. (3)

Any disk D(a, b, r), (a, b, r) ∈ P shatters the same set of points asD(a0, b0, r0), except that it

may contain additional points on the boundary. To prove the claim, it is equivalent to show that

there exists(a, b, r) ∈ P s.t. three of the inequalities (2,3) attain equality (i.e., there are three

tight constraints).

We know (a0, b0, r0) ∈ P. Take

r1 = max
i=1,...,k

√

(xi − a0)2 + (yi − b0)2.

Then(a0, b0, r1) ∈ P and has at least one tight constraint among the firstk constraints. Suppose

it is for constrainti = 1.
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Assumea0 ≥ x1. Define function

a(r, b) = x1 +
√

r2 − (y1 − b)2.

Consider an optimization problem

min r

s.t. (a(r, b), b, r) ∈ P

r ≥ 0

The optimization is feasible (since(b0, r1) is a feasible solution) and bounded, so the optimal

solution exisis. Let it be(b̃, r̃), r̃ > 0 (becausek ≥ 2).

Note that constrainti = 1 always holds, since

(x1 − a(r, b))2 + (y1 − b)2 = r2.

Hence the optimal solution must attain equality on at least one of i = 2, . . . , n. Otherwise, by

continuity of the function(x − a(r, b))2 + (y − b)2 − r2 with respect tor, we know∃ǫ > 0 s.t.

(a(r̃ − ǫ, b̃), b̃, r̃ − ǫ) ∈ P, and r̃ − ǫ ≥ 0,

which contradicts with that̃r is optimal.

If (b̃, r̃) attains equality on more than one ofi = 2, . . . , n, then we are done.(a(r̃, b̃), b̃, r̃) ∈ P

has three tight constraints.

Otherwise, suppose(b̃, r̃) attains equality only onj, j ∈ {2, . . . , n}.

Now we write out the parametric equations fora, b, r for disks withs1, sj on the boundary:

r(t) =

√

(
s1sj

2
)2 + t2 (4)

a(t) = −
(yj − y1)

s1sj

t +
x1 + xj

2
(5)

b(t) =
(xj − x1)

s1sj

t +
y1 + yj

2
(6)

wheres1sj =
√

(x1 − xj)2 + (y1 − yj)2. See Fig. 2.

{D(a(t), b(t), r(t))}t∈R is the set of disks withs1, sj on the boundary.

Define

H+
∆
= {(x, y) : (y − y1)(xj − x1) ≥ (x − x1)(yj − y1)},
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t

t = 0
(x1, y1) (xj, yj)

r(t)

(a(t), b(t))

H+

H−

Fig. 2. Explanation ofa(t), b(t), r(t)

and

H−

∆
= {(x, y) : (y − y1)(xj − x1) ≤ (x − x1)(yj − y1)}.

Note that ast ↑ +∞,

D(a(t), b(t), r(t)) → H+,

and ast ↓ −∞,

D(a(t), b(t), r(t)) → H−.

Define function

f(x, y, t) = (x − a(t))2 + (y − b(t))2 − r(t)2.

If (x, y) ∈ int(H+) (interior of H+), then

lim inf
t→−∞

f(x, y, t) > 0,

and

lim sup
t→+∞

f(x, y, t) < 0.

Let t̃ be s.t.r̃ = r(t̃). Then(a(t̃), b(t̃), r(t̃)) ∈ P. Sincen ≥ 3, there is at least one more point

si, i ∈ {2, . . . , n}, i 6= j. Now we try to find the third tight constraint by varyingt, starting

from t = t̃.

If si ∈ int(H+) and i ≤ k, we can findm, the first constraint violated (i.e., f(xm, ym, t)

changes sign) ast ↓ −∞ from t = t̃. By the continuity off(x, y, t) with respect tot, we have

∃t0 ≤ t̃ s.t.

f(xm, ym, t0) = 0,
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and

sign(f(xl, yl, t0)) = sign(f(xl, yl, t̃)),

for l = 2, . . . , n, l 6= j, l 6= m. Here sign(·) is the sign function. In other words,

(a(t0), b(t0), r(t0)) ∈ P,

and has three tight constraints,i.e., 1, j, m.

Such anm exists because on one hand,(a(t̃), b(t̃), r(t̃)) ∈ P and i ≤ k imply

f(xi, yi, t̃) < 0;

on the other hand,si ∈ int(H+) implies

lim inf
t→−∞

f(xi, yi, t) > 0.

At least constrainti will be violated for t small enough.

If si ∈ int(H+) and i > k, we can findt0 in the same way ast ↑ +∞ (from t̃). Similar

arguments hold forsi ∈ int(H−). (These cover all the cases since no three points ofS are

collinear.)

Therefore, we can always find(a, b, r) ∈ P with three tight constraints. This completes the

proof.
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