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. INTRODUCTION

We give a method to measure the distance between two prapabgtributions, and based
on the distance measure, we bound the probability that tetardie between the empirical
distribution and the actual distribution exceeds certemel. The direct implication of our result is
that for large sample size, one can replace the actual pitiypatith its corresponding empirical
probability with arbitrarily small error. The proof of thdg¢orems is based on the Vapnik-
Chervonenkis Theory [6] and Anthony & Shawe-Taylor’'s exienof the Vapnik-Chervonenkis
Theory [4].

[I. DISTANCE MEASURE
A-distance Fix a measure space and ldtbe a collection of measurable sets. L/gtand P,
be probability distributions over this space. THedistancebetweenP; and P, is defined as

da(Pr, P2) = sup [P1(A) — P5(A)]
AeA

For finite sample setS; and.S,, d4(S1, S2) is defined similarly by replacing;(A) with S;(A) 2

|S; N A|/]S:]-
The following notion ofrelative .A-distanceoffers a way to take the relative magnitude of a

change into account.

Relative A-distance Let P, P, be two probability distributions over the same measure espac
let A denote a family of measurable subsets of that space,Aardset in.A. The relative
A-distance betweer?, and P, is defined as

oalPLPy) — sup DA — B

AcA P (A)+P(A)
2

For empirical distances, simply replaéy A) with the empirical measurg;(A) = |S; N A|/]S;].
It is easy to see thafl-distance is a metric. For the proof of relativedistance as a metric,

see [5].

1. VC BOUNDS

The following theorems are derived from [6] and [4] to gudeanthe rate that the empirical

distance converges to the underlying distance for botlaigt notions.
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For A-distance we have the following theorems:

Theorem 3.1 (Vapnik-Chervonenkis Inequalitiet P be a probability distribution over do-
main X and S be a collection ofn i.i.d samples drawn fronP. Then for a family of subsets
of X A and a constant € (0,1),

P*{sup |S(A) — P(A)| > €} < AIl4(2n)te "< /3
Using Theorem 3.1, it is ggéy to derive the following conglla
Corollary 3.2: Let P, P, be any probability distributions over some domainand let.A
be a family of subsets ok ande € (0,1). If Sy, S, are i.i.dn samples drawn byP,, P,

respectively, then,
P [3A € A[|Pi(A) = Ry(A)] — |S1(A) = S2(A)]] > €]
< 8T 4(2n)e "< /3

Where P?" in the above inequality is the probability over the pairs afples(S;, S») induced
by the sample generating distributio(B,, P,).

Proof: Simple algebra yields the result.

Pr{34 € A |[P1(A) — Po(A)] = [51(A) = S2(A)[| = €}

< Prisup [Pi(4) = Po(4) = $i(A4) + 5(A)] = ¢} 1)
< PT{323|P1(A) = S1(A)| + [(A) = S2(A)| = ¢} 2)
< Pr{{sup |P(A) — S1(4)] = 5}
AeA
Utsup [Po(A) = S(A)] = 51} ©)
< Pr{sup |Pi(A) — Si(A)| > 5}
AcA
+Pr{sup [P(A) — S:(A)| = §} (4)
AcA
< 8I14(2n)e "<"/32 (5)
where the last inequality comes from Theorem 3.1. [ ]

I14(2n) is theshatter coefficienf3]. If A has a finite VC-dimensiod, then by Sauer's Lemmad] 4(2n) < (2n + 1)% for

all n.
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We thus have ways to bound the probability that empiridatlistance deviates from true
A-distance from both sides.

The theoretical guarantee can be improved by considegladive .A-distance We can get
results similar to Theorem 3.1 and Corollary 3.2 for the noetry (P, P,). We start with the
following result of Anthony and Shawe-Taylor [4].

Lemma 3.3:Let A be a family of subsets of the domain. P is any probability distribution

over X. If S; and.S, are two collections of, samples each, drawn i.i.d. frof, then

PP(.4(S1,8) > €) < 2La(2n)e "/
(where P?" is the probability that” induces over the choice of samples.)
In [4], Anthony and Shawe-Taylor proved that

Pr{sup S1(A) — 53(A)

AeA 51(A)+52(A)
2

> €} < [4(2n)e "/

By symmetry ofS;(A) and S3(A), the result in Lemma 3.3 holds.
Theorem 3.4:Let A be a family of subsets of the domak, P be any probability distribution

over X, and S be a set ofn samples, each drawn i.i.d. frof. Then
P"(¢A(S, P) > €) < 8TL4(2n)e "/

(Where P" is then’th power of P - the probability thatP induces over the choice of samples).
The proof of this theorem is similar to the proof in [4].

Proof: Define

Q{SXAM}

P(A)+5(4)
2

R{SS’EXQ”:HAeAs.t.W>e}

S(A)+5"(A)
2

where S, S’ are two sets of n samples, drawn i.i.d. frdm
Then we claim thatPr(Q) < 4Pr(R) for n > 5. This is true because of the following.
Supposes € Q, so there IS0 € A s.t. P(C) — S(C) > ey/ OO HenceS(C) < P(C) +

2

T Gﬂ/% + P(C). Noting thatS(C') > 0, some simple calculation shows thatC') > %
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If we draw another set of samplesS’, each drawn i.i.d. fromP, and define

o S(C) = 5(C)
- [s(0)+50)
2
we haveF > ¢ if S'(C') > P(C). This is because the functiof(z,y) = ——.-— is monotone

v (@+y)/2

increasing w.r.tz and monotone decreasing w.nt.on z,y € (0,1)(taking derivative easily
verifies it). Soinf F' is achieved whers(C) = P(C) + % — 6\/% + P(C) andS'(C) = P(C).
Plugging in yields the value, and the strict inequality follows from the strict ineqigis about
S(C) and S'(C).

The random variablewS’(C') has binomial distributionB(n, P(C)). Forn > 4 > 2=
nS’'(C) > nP(C) with probability> 1/4( [4]).

Therefore forn > 4, we havePr(Q) < 4Pr(R). In [4], it is proved that

Pr(R) < Il 4(2n)e /4,

Thus
p" {sup PiA) - 5(4) > e} < ATl 4(2n)e "</

AeA P(A)+5(4)
2

Note that this inequality is trivially satisfied if < 5.

By symmetry we have
P™(64(S, P) > €) < 8I4(2n)e "/,

u
Similar to Corollary 3.2, we have the following corollary oh@orem 3.4 which bounds the
probability that the empiricalelative A-distancedeviates from the trueelative .A-distance
Corollary 3.5: Let P, P, be any probability distributions over some domainand let.A be
a family of subsets o ande € (0,1). If Sy, S, are two collections of: samples each, drawn

i.i.d. from P;, P, respectively, then
P[|pa(Pr, P2) — ¢.4(S1,52)] > €]
< 1611 4(2n)e"</16

Where P?" in the above inequality is the probability over the pairs afples(S;, S») induced
by the sample generating distributiof, P,).
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Proof: Becausep,(-,-) is a metric on[0, 1]( [5]), we have

da(Pr, Po) < oa(P1,51) + 0a(S1, S2) + ¢a(Se, %)

and
u(Pr, P2) > ¢a(S1,52) — pa(Pr, 51) — ¢a(S2, P»)
Therefore,
Pr{|¢pa(Pr, P2) — ¢.4(S1, S2)| > €}

< Pr{¢4(P1,51) + (P2, S2) > €} (6)

< Pr{oa(P1,51) > 5} + Pr{ga(l%, S2) > §} (7)

< 1611 4(2n)e"<*/16 (8)
where the last inequality comes from Theorem 3.4. [ |
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