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. INTRODUCTION

We formulate the problem of change location estimation inrabdom fields as a nonpara-
metric set estimation problem. We define nonparametrienestirs to solve this problem, and

prove that our estimators are consistent under certainitbomsl

[I. PROBLEM FORMULATION

We consider the following setupg?,, P, are probability measures on a common measurable
space(X, F)L S;, i = 1, 2 is the set of realizations drawn i.i.d. according®g and Sy, S,
are independent. The specific form Bf is unknown. Assumé’; # P,. Given Sy, Ss, our goal
is to estimate the subset &f that has the largest change in probability betwérand P.

To this end, we introduce a collectioh C F of measurable sets to model the subsets(of
in which events of interest are observed. Given the cobbectd, the problem becomes which
set in A has the largest change in probability betwdgnand P,.

We define two metricson [0, 1]:

fa :10,1] x [0,1] — [0, 1],

faz,y) = |z —yl,

and f, : [0,1] x [0,1] — [0,v/2],

|1‘—y,| if 24y
f@(xvy) = _%ﬂ
0 if ©=y.

Based on them, we define the following pseudo metrics on pilityadhistributions.

A-distance and Relative A-distance Given probability spacegX, F, F;) and a collection4 C

F, the A-distance betweenP, and P, is defined as

da(Pr, P) = iléafd(Pl(A)j Py(A)). 1)

Therelative A-distance ¢ 4(P;, P») is defined as
Ga(Pr, P2) = sup fs(Pi(A), Pa(A)). (2)
AcA
1X is the sample space, afl is the o-field.
2, is clearly a metric. For the proof that, is a metric, see [1].
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Empirical distanced 4(S1, S2) and¢.4(S1, S2) are defined similarly by replacing;(A) with

the empirical probability measure

|S; N A|

A

3)

where| - | denotes the cardinality of a set.

Now we are ready to formulate the change estimation probtamdlly. Given a classd and
a metricd(z, y) on [0, 1], we say that the set* € A has the largest-distance inA between
distributions P, P, if

d(Py(A7), (A7) = sup d(P1(A), Py(A)). (4)

The change estimation considered in this paper is the onestohaing A*. Specifically, if

d = f4, the estimand iA* = Aj L where

fa(Pi(Ag,), Pa(Aq,)) = sup fa(Pi(A), Py(A)).

If d= fs, thenA* = A;A, where

fo(PL(Ag ), Pa(AG,)) = zlelgf¢(P1(A), By(A)).

[11. CHANGE ESTIMATOR AND CONSISTENCY

Assuming that a change in the probabilities.4rnas occurred, we define the change estimator

as follows:

Estimator Given a class4 and two collections of sample points and S,, drawn i.i.d from
probability distributions”, and P, respectively, the estimators fek; and A7, are respectively
defined a%

~

AZA(Sl, SQ) = arié]iax fd<Sl(A), SQ(A)), (5)
A (S, Sy) = arg max f+(S1(A), Sa(A)). (6)

We point out that there are no general solutions to (5, 6).lémpntation of the estimators
depends on choices of. For several regular classes such as planar disks, agisealirectangles

and stripes, there are known algorithms to compute (5, &.[3e

3A predefined rule such as the smallest index rule is used to solve ties.
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We present next in this section the consistency resulthfoestimators defined above, which
are stated in the following theorem.
Theorem 3.1: Given probability spacesX, F, P,), i = 1,2, and a collectiond C F with

finite VC-dimensiof, if A} is unique, then
lim Pr{A} (Si,8)=A4;}=1
Similarly, if A7 is unique, then

lim Pr{4} (S,8:) =4} }=1

n—oo

Proof: Let A= A} . Let VC-d(A) = d < oo. Definer to be

N2 fa(Pi(A), Py(A)) — sup fu(PA(B), P3(B)
B#A

The uniqueness afl guarantees thaj > 0.

By results of [4], we have

Pr{zléa|fd(P1(B), Py(B)) — fa(S1(B), S2(B))| <

w3

}
> 1 — 8(2n + 1)de /288,
So with probability> 1 — 8(2n + 1)de—1°/288

fa(S1(A), Sa(A)) — sup fa(S1(B), S2(B))

BeA
B#A
> fa(Pi(A4), P(4)) - ;gfd(Pl(B), P(B))
B#A
—|fa(S1(A), S2(A)) — fa(Pi(A), P2(A))|
— lsglég fd(Sl(B), 52(3)) — ;ggfd(Pl<B>a PQ(B))
B#A B#A
(7)
> n-— 213323|fd(P1(B)7 Py(B)) — fa(51(B), S2(B))|
8)
n
> 3 9)

“The VC-dimension ofA is the cardinality of the largest set shatterable.dySee [2], [3]
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That is,
Pr{A} (Si,S:) = A} > 1 —8(2n + 1)de™7"/2%,

Now let n — oo,
lim Pr{A; (Si,S:) = A} = 1.

n—oo

For relative.A-distance, the proof is similar. Let = A} and

12 fo(PU(A), Po(A)) — sup fo(Pi(B), P(B)).
B#A

The conditionA}  is unique implies that) > 0.

By [4] we have

Pr(sup f4(Si(B), Pi(B)) < =) > 1 —8(2n + 1)de /10,

BeA

Since f4(z, y) satisfies triangle inequality ( [1]), with probability [1— 8(2n + 1)%e—"7°/100]2,

o3

we have

f6(S1(A), S2(A4)) — Ztégf¢(sl(3), S2(B))
B£A

FolPA(4), Po(4)) = sp fo(PA(B). Po(B)
B#A

—[fo(P1(A), Po(A)) = f5(5:(A), S2(A))]

| sup fo(P1(B), P2(B)) — sup fo(S1(B), S2(B))| (10)
B A
n— f¢(P1(A), S1(A)) — f¢(P2(A), Sa(A))

—sup fo(P1(B), S1(B)) — sup fu(FP2(B), S2(B)) (11)
BeA BeA
B#A B#A

7= 2sup fo(PL(B), 51(B)) — QJSBlelngPa(B)’ S2(B))

A%

v

v

(12)

(Y
o3

(13)

Hence
Pr{AZA<Sh 82) = A} > [1 - 8(271 + 1)d67m]2/100]2.

Now let n — oo, the proof completes.
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