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Abstract — We consider the uplink of a cellular sys-
tem where M mobiles transmit over a common chan-
nel to a base station. We assume that the mobiles
use a modified slotted ALOHA protocol to access the
channel. The mobiles have access to the uplink SNR,
and hence the transmission probability in each slot is
chosen as a function (scheduler) of the uplink SNR
(also called CSI for channel state information). For a
symmetric system, we obtain the expression of maxi-
mum stable throughput for a general reception model.
‘We then apply the theory to two particular reception
models to find the stable throughput as a function
of the scheduler. The scheduler is then optimized to
the maximize this stable throughput. Surprisingly, it
turns out that even though the reception model de-
pends on the received SNR, the stable throughput
does not depend heavily on the CSI.

I. INTRODUCTION

The explosion in the demand for data rate over wireless chan-
nels has led to a rethinking of the traditional layered network
architecture. Cross layer design is being explored as a viable
alternative to the traditional design paradigm [4]. In this con-
text, the combining of MAC and PHY layers seems natural,
especially for wireless communication. The uplink of a cellular
system where slotted ALOHA is used as the random access
protocol, is one scenario where information from the physical
layer can conceivably be used to enhance the performance of
the MAC layer. As illustrated in Figure 1, differnet users ex-
perience different channel conditions and this knowledge can
possibly be used to improve the throughput of the network.

We consider reception models like the capture model where
the probability of success depends on the channel. The per-
formance of Slotted ALOHA for uplink in fading channels
both with and without capture has been previously explored
in [6, 3, 5] and the references there in. But, in the previous
works it was not assumed that the mobiles have access to CSI.
Slotted ALOHA where mobiles have the knowledge of the up-
link SNR was considered in [7]. In [7], this knowledge was
used to vary the power of transmission and not the transmis-
sion probability. It was shown that because of power varia-
tion, the throughput increases with the number of users. The
knowledge of the SNR was not used to design the transmis-
sion probability. In our work, we use the knowledge of CSI to
design the transmission probability function (scheduler) and
maximize the throughput.
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In this paper we first obtain the expression for maximum
stable throughput as a function of the scheduler, assuming a
general reception model. The system is defined to be stable
if for each node the buffer size does not go to infinite . In
other words, every packet is transmitted with probability one.
We then restrict ourselves to two particular reception mod-
els namely SNR threshold model and the capture model. In
the SNR threshold model, a packet is successfully received if it
does not collide with any other packet and the received SNR is
greater than a given threshold. For the general capture model
we assume that a packet is received successfully if the SINR
(Signal to Interference Ratio) is above a given threshold. We
then obtain optimal schedulers for each of the models. It turns
out that obtaining the optimal scheduler for the general cap-
ture model is quite hard. We consider a particular special case
of this capture model where if more than 3 stations transmit
none of the packets is successfully received whereas if either
one or two stations transmit, the packet with the larger SINR
(Signal to Interference Ratio) is successfully received (special
capture model). Intuitively, it seems that the optimal sched-
uler should depend on SNR, especially for the special capture
model. However, it turns out that the optimal scheduler for
the special capture model is independent of SNR. This result,
though quite surprising, makes the scheduler implementation
very simple.
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Fig. 1: Cellular Uplink

This paper is organized as follows. In Section II, we specify
the system model and list the primary assumptions of the pa-
per. In Section ITI, we obtain the maximum stable throughput
of the system as a function of the scheduler function. In Sec-
tion IV, we introduce the SNR threshold model and apply the
results of the previous to obtain the expression of maximum
stable throughput and optimize the scheduler by maximizing



the throughput. In Section V, we do the same for capture
model. We conclude in Section VI.

II. SYSTEM MODEL

We consider a network where M users are trying to commu-
nicate with a base station over a common channel. Each user
has a buffer of infinite length which is used to store the in-
coming packets until they are sent successfully to the base
station. The incoming packets are all assumed to be of the
same length. Time is slotted into intervals of length equal
to the time required to transmit a packet. We make the slot
time equal to one time unit and slot ¢ is assumed to occupy
the time [t,£+1). We also assume that each user synchronizes
his transmission with the slot boundaries. We denote by x®
the number of incoming packets to user m during time slot ¢.
It is assumed that Xf,f for t = 0,1,--- are independent and
identically distributed random variables. The packet arrival
process for different Xr(,f) for m =1, ---, M is assumed to be
independent and identically distributed as well. It is assumed
that the arrival process has a finite mean A and finite variance
o2. The above model for the arrival process is the same as
that in [1] for a symmetric system.

The uplink channel between the m™ user and the base
station during slot ¢ is parametrized by the SNR 'yﬁ,ﬁ) It
is assumed that the quantities 'y,(,f) for m = 1,---, M and
t =0,1,--- are independent and identically distributed with
probability density f(v). Further, we assume that the user
m has access to the uplink SNR (CSI) 7% at time ¢. This is
conceivable in a network employing time division duplex ac-
cess or in a network where in the base station continuously
transmits a pilot signal in a control channel.

We define a very general reception model that is given by
a set of M functions gi(-) for k =1,---, M where,

h

gr () : [0,00)* x {0,1}* — [0, 1]. (1)

Let 6, be a binary k-tuple that describes the outcome of a
slot. Let A(6x) be the set of indexes at which 65, is equal to
one. That is, if 6 = (b1, -, br) we have

AB) ={1<n<k:b, =1} (2)

Given that 1 < k < M wusers are transmitting, and that
their ordered k-tuple of SNRs given by (y1,---,7k) , then
gk(71, - ,7k; 0k) gives the probability that only the users
A(0r) are successful. This reception model allows the recep-
tion of multiple packets at the base station. Special cases of
this reception model are capture model, MPR matrix model
[2] and the standard collision model.

We impose some constraints on the reception model func-
tions that in fact hold for most practical scenarios. For each
k, we assume that if we permute the SNRs (v1,---,7%) and
apply the same permutation to the bits of 0, the value of
gr(---) does not change. Further, we assume that for any
given (v1,---,7k), adding an extra user decreases the proba-
bility of packets success for each of the k users. That is, for
allfyl 20,"'7’7k+1 20, for all 1 Sifk,

> Li(Bk)gr(m, -+ k3 6k) <
O

D Li(Bka1) g1 (1, - Yot 1; O, 3)

Ok +1

where L;(0) is equal to one only if the 7*®

to one.

In a conventional ALOHA system [1], if the user m has
a packet to transmit, he transmits it with a probability p,.
‘We consider a more general random access scheme, where the
probability of transmission for each user is allowed to be a
function of his CSI. The function is called scheduler and de-
noted by s(-). Thus we assume that in slot ¢, user m transmits
a packet with a probability 5(7,(,3)).

At the end of slot ¢, the base station broadcasts the in-
dexes of those users whose packets it was able to demodulate
successfully. We assume that the base station does not dif-
ferentiate between an empty slot and a slot in which there
were some transmission but the base station failed to demod-
ulate any packet successfully. The base station gives the same
feedback for both these events.

bit in 64, is equal

III. MAXIMUM STABLE THROUGHPUT

In this section, we derive expressions for the maximum stable
throughput of the system described in the previous section.
Let the M-tuple N®® = (N® N ... N®) be the length
of the buffers at each node at the beginning of slot ¢. We say
that the system is stable for a particular arrival process, if for
x € NY

i (®) — ; —
tlggo Pr{N'" < x} = F(x) xlgrolo F(x) =1, (4)

where N is the set of non-negative integers. This notion of
stability is also used in [1]. We will later see that the stability
of the system is characterized only by A, the mean of the
arrival process. This will allow us to define maximum stable
throughput as the supremum of all input rates A for which the
system is stable.

The time evolution of the random variable N is given by

]Vj(t+1) _ (Nj(t) _ Y'j(t))-i- +X]§t), (5)

where Yj(t) is equal to one if node j successfully transmits a
packet during slot ¢ and is equal to zero otherwise. Since the
channel is independent from slot to slot, the M-dimensional
process N® is a Markov chain. It can be seen that the Markov
chain is aperiodic and irreducible. Hence the stability of the
system is equivalent to the ergodicity of the Markov chain.

In order to show the stability of this Markov chain we use
techniques that are similar to the ones used in [1]. The princi-
ple of stochastic dominance is used to show that a fully loaded
is more backed up than the original system. Thus, sufficient
conditions for ergodicity are obtained by analyzing ergodic-
ity conditions for the simpler fully loaded system. We denote
by Qj(t), the fully loaded version of N;t). That is, QJ@ is a
Markov chain and

Pr{Q{"*V = k|Q" = 5} =
Pr{N{"" = kN = 5, N¥ > 0,i=1,---,M,i # j}.

In order that we use stochastic dominance to analyze N, we
need to first show that [1], for all ¢, s, k, ,

Pr{Q™ > 2|Q)" = 5,Qf” =k} <
Pr{Q"™) > 2|Q" = 5 + 1,Q'” = k}.

In other words, the probability that the buffer goes above a
certain level in slot (¢ + 1) is larger if the queue has more



packets in slot t. It is obvious that this is indeed the case.
The other property to be shown is

Pr{N{*D > N = 5, N¥ =k} <
Pr{Qf"" > 2|Qf"” = 5, Q" = k}.

In other words, the tendency of the buffer of the fully loaded
system to exceed a level x is higher than that of the original
system. In order to show this, we first observe that the evo-
lution of the j*® buffer in the original system and the fully
loaded system is given by
(t4+1) )+ (t)
N; = (s— Y; )T+ X i
QY (s = Z)t + X (6)
Hence, in order to show (6), it is only necessary that we show
that the probability of success is higher in the original sys-
tem,or
Pr{yV = 1IN = 5, N{¥ =k} >
¢ ¢ 0
Pr{z{"” =1|Q{" = 5,Q{” = k}. (7)

If UJ-(t) is the number of nodes competing with node j to send
packets in time slot ¢, we note that

Pr{y,” = 1IN = 5, N{” = k} = Z Pr{U{" = k}
Pr{Y“) =1N? =5, N =k, U“) K, (8)
fk
whereas
0
(t) _ (t) _ 0) _ (t) _
Pr{y{? =1N{" = s, N® =k, L = M —1}. 9)

We show that the probability of success f; is a decreasing
function of & which will then imply (7) because of (8) and (9).
We have the following formula for fj, :

—k k k_l Oo... =
fk—g(l)(l [T [T

cs(yeen) f(rn) -+ f(vign) Y La(Bi41)
0141
g1 (71, Yi1; O )dya - - dyiga,
where -
p= [ f@sar (10)
0
Equivalently, fy is the coefficient of z* in
(14 (1 = p)a)* h(=), (11)
where h(z) = ho + hix + hox® 4 - - - and
b = / / s(y1) -+ s(y+1) f(y1) -+ fF(y41)
Z Li(0141)gi41(01, - -+, 01415 6141 )dys - - - dyia.
0141
Therefore, fx — fet1 is the coefficient of ¥ in
(1+ (1= p)x)* (peh(z) — h(z)). (12)

Hence the difference f — fr+1 is a function of the coeflicients
of z,---,z* in (pzh(z) — h(z)). The coefficient of z,j =
-, (k+1) is given by

o[

gi(v,---

fon)-+-

s(vi)f(m)

//w

FOi+1) D Li(Bi41)gi4a(m, -
O+1

’Y])ZLI

:7]1 ’YJ+1)

s Yi+1; 0541)-

Due to the condition (3) on the reception functions gi(- - -), the
coefficients of @/ for j = 1,---,(k + 1) are greater than zero
which implies that fi > fr+1. Hence the sufficient conditions
for ergodicity can be derived by analyzing the fully loaded
system. For, the fully loaded system, we can show that the
system is stable if

A< Af:l (Mk_ 1) (1—/oo f(v)s(v)@)Mlk
([ [ e

D Li(Br1)grsa(m, -
Ory1

Fvk41)s(y1) - s(ye+1)  (13)

s Vet1; Org1) | dya - dyeea.

The arguments in [1] can be extended to obtain necessary
conditions for stability. Thus,we have the following theorem
about maximum stable throughput.

Theorem 1 Given the density function of uplink SNR f(v),
the scheduler s(vy) and the reception functions {gr(---)}3L,,
the mazimum stable throughput is given by

SCOEDY (M . )(1— [ o)

([ / Fon)-

> Li(Bre1)gra(m, -
041

M-1

FOykt1)s(1) - s(Ve41) (14)

y Ye41;5 9k+1) d’yl - d’yk+1-

IV. SNR THRESHOLD MODEL

In this section, we apply the results derived in the previous
section for the SNR threshold model and obtain the maximum
stable throughput. We then optimize the scheduler by max-
imizing this stable throughput. The SNR threshold model is
defined as follows. We assume that a user is successfully de-
modulated if no other user transmits and if his SNR is larger
than a given threshold 79. The reception model for this is
1 v27

given by
nesn={ g 222 (15)

The function g¢1(7y;0) is of course equal to 1 — g1(y;1). For
k > 2, gx(---) is identically equal to zero.

Given a scheduler s(y), the maximum stable throughput is
given by

e =(1- [ x(v)dv)Ml ( / °°

F(r)s()-

w(v)dv) . (e)

where z(y) =



A Optimal Scheduler
The optimal scheduler is then obtained as

s* () = argnsl(z})x)\*(s(-)). (17)

We then have the following theorem.

Theorem 2 Denote py, = P{y > v}. We then have the
following theorem. If p, > ﬁ, the optimal scheduler is

x 0 <m0
= 1
S (’7) { M;'yo > ( 8)
and the corresponding throughput is
* 7 % _ 1 M-1 1
X8 () = (1= 2™ (19)
If pyo < ﬁ, the optimal scheduler is
* 0 Y < Yo
, 20
so) = {115 (20)
and the corresponding throughput is
A (° () = (L =pso)™ "o (21)
Proof : Let A(u) be defined as
Aw = {se:0<sm <1 [Tear=u}. @)
0
For s(y) € A(u), we have
)= -0 ([T stn). )
70

We note that f,;:’ f(v)s(v)dy < py,- This leads to the follows
upper bound on the maximum stable throughput.

1—u)M-t

(1= u)™ "py

If pyy > %, maximizing the upper bound by varying u be-
tween 0 and 1, we find that for all s(-),

A (s()) < (24)

1

* 1 M-1
N<A-= —.
X (s() S (1= )M (25)
Hence choosing the scheduler as
X 0 v <o
s = 26
o={ o 15 (26)

achieves the maximum and is hence optimal. If p,, < %, then
the above choice is not valid since M;)’Yo > 1 If pyy < 25, We
find that the upper bound is maximized at v = p,, and

X (3()) < (1 =) "o

Hence for p,, < 57, choosing the optimal choice for the sched-
uler is given by
so = {

We find that, as expected, if ¥ < 7, the mobiles do not
transmit. The scheduler is a step function and hence does not
depend “strongly” on SNR.

(27)

0 7<%

28
L v27 (28)

O

V. CAPTURE MODEL

We first consider a general capture model where a user is de-
modulated successfully only if his SINR is larger than a given
threshold vo. The user is received successfully only if his SINR
ratio is larger than a given threshold ~. If n users transmit
with SNRs given by (71,72, -,7¥n), user one is demodulated
successfully only if

7"
—— > Yo. 29
PSTREREG (29)

We assume that the only interference is due to the transmit-

ting users. Given the scheduler s(-), the maximum stable
throughput for this model is given by
M-1

> (Ml‘ 1)(1—p>M—1" | stwsen

/ / I(va+- - 4+y41 < —)

s(y2) - s(y+1) f(y2) - f(’Yl+1)d72

X(s() =

(30)
“dyit1,

where as before p = [;° s(v)f(y)dy and I(-) is the indicator
function. We denote z(y) = W and note that we can
interpret z(7) as a density function. We can now simplify the
above expression as

(Ml— 1) (1_p)M—1_lpH'1 /0°° Gl(%)dX(’Y)a

(31)
where X (7) is probability distribution of z(y) and G*(v) is the
1 fold convolution of X (7). It turns out that finding the opti-
mal scheduler for this general capture model is quite hard. In-
stead we consider a special case of this capture model where if
more than three users transmit the packets of all the users are
destroyed but if one or two users transmit then the strongest
user is successfully demodulated. For this model, the max-
imum stable throughput is obtained by replacing o by one
in (31) and then considering the summation in (31) for only
1 =0, 1. Hence the maximum stable throughput is given by

M-1

s() =

1=0

N(s() = (Q—p)Mlp+(1—p)M 2 / ~ X(7)dx(y)

= a-p"r+a-p"E, (32)

where p = [ s()f(7)dy. As earlier, the optimum scheduler
is obtained as

s*(-) = argmax A" (s(-)).

na; (33)

A Optimal Scheduler

For the capture model, the following theorem gives the optimal
scheduler.

Theorem 3 The optimal scheduler for the capture model is

_1+,/1+M

87 () = M(M—3)
2

Vv, M >3 (34)

For M =3, s(y) = % and for M =2, s(y) =1



Proof : Optimizing the expression in (32) with respect to p,
we find that the throughput is maximized, for M > 3, when

—14+4/1+ W
p = M(M—S) V’Y‘ (35)
2
Since p* < 1, the choice of
s(v)=p" Vy>0, (36)

is valid and maximizes the throughput. [I.

Since the reception model favors users with a higher SNR,
it is natural to expect the optimal s(-) to be higher at larger
~. It is therefore quite surprising that the optimal s(-) is
independent of . The optimal s(-) is also independent of the
distribution of the fading process.

VI. CONCLUSIONS

We consider a network where M users are trying to commu-
nicate with the base station over a common channel using a
slotted ALOHA random access protocol. Under the assump-
tion that each user has access to his CSI, we let the transmis-
sion probability be a function (called scheduler) of this CSI.
For this scenario, we obtain an expression for the maximum
stable throughput as a function of the scheduler. We evalu-
ate this expression for two particular reception models namely
the SNR threshold model and the general capture. For SNR
threshold model, we optimize the scheduler by maximizing the
throughput. We also optimize the scheduler for a special case
of the general capture model. We find that in this case, the
optimal scheduler turns out to be independent of the channel
state information. But, we do not expect this to be true in
general. An interesting model that could bring this out is one
where capture occurs only if the signal to interference ratio
(SINR) is larger than some given threshold . It would also
be interesting to see how the scheduler is affected when the
transmitted rate is allowed to be a function of the CSI. The
setup developed in this paper can also be used to analyze both
the above problems.
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