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Abstract—The problem of maximizing detection perfor- In the classical approach, a layered architecture separate
mance subject to an energy constraint is analyzed in an asymp- the design of routing from the application. For energy-
totic setting. The correlation between the sensor measurements constrained networks, application-specific routing magrof

is incorporated through the Gauss-Markov random field with better tradeoff d | h ti h
Euclidean nearest-neighbor dependency graph. An average eter tradeofis, and we employ one such routing scneme.

energy constraint is imposed on a routing scheme with an ~ TO characterize the detection performance, we consider
approximation factor of two, and the resulting Neyman-Pearson  the Neyman-Pearson (NP) error exponent. Our objective is to
error exponent is optimized with respect to the density of the  find an optimal node density, that maximizes the detection

deployed sensors. It is shown that the behavior of this optimal error exponenD, under a constrainf on the average energy
density crucially depends on the ratio between the measurement .= .
consumptionC of routing per node,

variances under the two hypotheses and displays a threshold
behavior. Below the threshold value of the variance ratio, the

optimal density tends towards infinity for any feasible energy A . ~ =

constraint. On the other hand, when the variance ratio is above Ax=arg r}\1>a(})( Dy subject toC < E. @)

the threshold, the optimal density is characterized by the energy

constraint. Note that both the energy constraint and detection perfor-
Index Terms- detection, Gauss-Markov random fields, Routing, mance are asymptotic in the number of nodes.

error exponent. We address the following questions: does an optimal

density exist? And if so, what is its value? Is it one of the
extremes, viz., zero or infinity? This is an important quasti
since if the optimal node density is either zero or infinity,
The deployment of sensors is the first step in establishinien we can simply place the nodes in as small/large an
a network. It influences the performance of the networkgbservation area as possible. On the other hand, if thistis no
including the energy consumed in routing data. Howevethe case, then we need to deploy the nodes, based on the
designing optimal deployment strategies requires findingptimal density.
optimal locations for all nodes and is not feasible for a
large network. In contrast, deploying nodes randomly but 1. RELATED WORK
according to an optimal density may be more tractable. In Detection of Gauss-Markov random field (GMRF) is re-
this paper, we assume that the nodes are placed 1D accordigged to the detection of Gauss-Markov random processes
to thg uni_form or Poisson distribution with a fixed nOde(GMRP), which is a classical problem [3]. There is an
density (Fig.1a). . . _extensive literature on the large-deviations approachhéo t
In a network of sensors measuring a correlated signg alysis of detection of GMRP, e.g., [4], [5]. However, the
field, the node density influences the extent of correlationSe of GMRP is not easily amenable to random placement of

among the measurements_and thereby detectio_n performanggqeg iy planar and higher dimensional spaces. Hence, we
Moreover, the energy required to route data typically depen employ the model of a GMRF for randomly placed sensors
on the inter-node distance, and in turn, the node densitgn the Euclidean plane

Hence, we can design an optimal density that achieves

the best tradeoff bet th di i An overview of routing in wireless networks can be found
€ best tradeolt between Ihe energy consumed in rou "gﬁ [6]. We are interested in routing spatially-correlatestad

I. INTRODUCTION

da;g arlujj the_tresdultlng ddetecttlr? n per{_ormanie. ?f cour?e, Yor optimal detection and hence, we can undertake aggrega-
optimal density depends on the routing protocols employeg, , along the path. Such in-network processing algorithms
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Fig. 2: For 1ID data, LLR is a sum function. Minimum en-
Fig. 1. Detection problem and random node deployment.ergy routing is hierarchical aggregation along the minimum
spanning tree, directed towards the fusion center.

energy-efficient detection is considered under various for

mulations. However, they all assume that the measurements/Ve assume the presence of correlation under the alterna-
are conditionally independent. Detection of one-dimemaio tive hypothesisi{; through the Gauss-Markov random field
GMRP is considered in [12], [13]. A specific link cost for (GMRF) model. See (Fig.1b, 1c). Again, assuming an uni-
detection, based on the Chernoff information, is proposed form signal field model (same measurement variance at every
[12]. In [13], a power-density constraint is imposed, itag node) and a correlation function decaying with distance, we
power per unit distance is fixed, so that the power per nod#udy the effect of node density on the error exponent. o thi
decreases linearly with the node density and a finite sensefd, we unify the results from our previous works [1], [2],
density is shown to be optimal. We instead consider a pewhich independently characterize the detection perfoo@an
node average energy constraint. Also, these works asswme &nd routing for a GMRF.

one-dimensional model, not applicable when the nodes arelntuitively, when both the hypotheses have the same mea-
on a plane. In [14], local vote decision fusion is proposed fosurement variance, they can be distinguished only by the
non-parametric target detection; binary decisions aredus presence of correlation undét,. Correlation is maximized
locally by a majority rule before transmission to a fusiorwhen all the nodes are clustered close to one another, since
center. However, no guarantee is provided on the energprrelation decays with distance. Hence, ignoring thegner
savings obtained. In [15], a decision-theoretic approach constraint, the optimal density should be infinite. We prove
inference of a Markov random field with single-bit commu-that this is indeed true.

nication is considered and the network topology is preddfine For the general case, when the measurement variances are

by a directed acyclic graph. different, the behavior is decided by the ratio of the varém
under H; and Hy. We show that the optimal density is
1. SUMMARY OF RESULTS infinite when the variance ratio is below a threshold value

(Fig.3). Moreover, imposing any feasible routing-energg-

As a motivation to our results, we first consider the specidtraint does not change the optimal density. We provide the
case when the measurements are IID, conditioned undexpression for the threshold on the variance ratio.
either hypothesis. In this case, the log-likelihood ralibR) We then show that the presence of correlation degrades the
is a sum function, with each term depending only on onerror exponent when the variance ratio is above the thrdshol
node measurement. Since the signal fields are uniform undEne optimal density is zero in this regime, if there is no
both the hypotheses (same measurement variance at all gxergy constraint (Fig.3a), i.e., the nodes should be glace
nodes), the detection performance is unaffected by theaatwas far apart as possible. We then show that imposing a finite
of node deployments. Hence, we only need to consider thlemergy constraint leads to a strictly positive optimal dtgns
effect of node density on routing. for variance ratios above another threshold (Fig.3b).

The minimum-energy routing in this case is given by the Finding a minimum energy routing scheme that delivers
directed minimum spanning tree (DMST), with the directionghe likelihood ratio of a Markov random field has been shown
toward the fusion center. See Fig.2. The sum function cdn be NP-hard [2] and hence, finding the optimal density in
be calculated hierarchically along DMST, starting at théhis regime is also NP-hard. We provide a bound on the
leaves and ending at the fusion center. It is intuitivelyacle optimal density, by analyzing the energy consumption of a
that increasing the node density decreases the (randogrppproximate routing scheme, proposed in [2]. Numerical
node distances on average. Since the energy consumptiovestigation shows that the bound holds even in the gap
typically follows a distance-attenuation law, node dgnsitregion between the two thresholds.
has an inverse relationship with energy consumption. As the Additionally, we analyze the extent to which the error
node density goes to infinity, the energy constraint is akvayexponent is influenced by the presence of correlation and
satisfied and hence, infinite density is always a solutiohé¢o t in turn, by the value of node density. This enables us to
optimal tradeoff problem. However, incorporating cortiela  gauge the usefulness of finding the optimal density. As
introduces new tradeoffs in the problem. expected, the maximum contribution from correlation to the
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Fig. 3: Optimal node density vs. ratio of variances untigrand,. See Theorem 5\y is a bound on\, for K > K.

error exponent is when the variances are equal under thend the transmission enefgii 7]. For details, see [2]. The
two hypotheses. On the other hand, we show that at largmergy required for the transmission of a real number from
variance ratio, the contribution from correlation decags t: to j is denoted byC; ;. We assume that

zero, implying that the error exponent is mostly insensitiv

to changes in node density. Cij = Cyldist(i, )|",2 < v < 4, (3)

IV. SYSTEM MODEL where C; is a constant, diét, j) is the inter-node distance
andv is the channel path-loss exponent. Further, we assume
that the processing energdy, at every node is constant and
r1’ndependent of the number of transmissions from the node.

edge-length of(4, j). The neighborhood function of a node The.set of transmissions in a nodg watan b? rgpresgnted
i is the set of all other nodes having an edge with it. Foft> & digrapiyy = (V, £). Note that this transmission digraph

a directed graph, we denote the edgeséby- (< i,j > is different from the dependency graph of the signal field.
,i,7 € V,i# j}, where the direction of the edge i< from et C(G) denote the total transmission energy given by

An undirected graply is a tupleG = (V,&) whereV
is the vertex set and = {(i,5), i,5 € V,i < j} is the
edge set. LeRR;; be the random variable denoting Euclidea

to ;. R
For the matrixA = [A(i, j)], A(i,j) denotes the element C(G=C Y R, (4)

in the i row and ;" column and|A| its determinant. For c€€

two setsA and B, let A\B = {i:i € A,i ¢ B}. wherer, is the Euclidean edge length. We further require

that G ¢ UDG(V), the unit-disk graph, defined as the set
of edges between any two nodes within an unit Euclidean
A GMRF, in addition to being a Gaussian random fielddistance of each other.
satisfies special conditional independence propertiesimA s
ple example is the first-order auto-regressive processtevhe
the conditional independence of the observations is based b€tV = {1,...,n} be a set of nodes on the plane and let
causality. However, a spatial random field has a far riche¥ » b€ the random vector of observation samgies € V,
set of conditional independencies, requiring a more génera A
definition [16, p. 21]. Y, =[V,..., Y, . (5)
Definition 1 (GMRF): Given a point se¥ = {1,...,n}, i i ) i
Yy = {V; : E c V}) is a GMFF)QF with an Eundirect}ed) The hypothesis-testing problem is (Fig.1b,1c),
dependency graply,(V,&) if Yy is a Gaussian random
fi_eld, andvi, j €eVy; andY; are conditioQaIIy in-dependent Ho: Yo ~N(0,0621) vs. Hi:Y, ~N(0,51y), (6)
given observations at all other nodesiifand j are not
neighbors, where the covariance matriX; ,, of a GMRF depends on
the configuration of nodes iw.
The optimal decision-rule under the Neyman-Pearson for-
Y, LY;|Y_; < (i,5) ¢ &, Vi,jeV,i#j, (2) mulation is a threshold test based on the log-likelihood
ratio (LLR). Letp[Y,,|V; H;] be the conditional PDF of the

where_L denotes conditional independence aid;;2(Y, : ~ observations given the point setunder hypothesi.
keV k#1,7).

A. Gauss-Markov Random Field

V. HYPOTHESISTESTING PROBLEM

A
LLR(Y ,, Gy)2 log Pl X5 It
(Yo, Ga)=log s S50

B. Network and Energy Model ()

We assume that the energy consumed by a riathn be
represented by the sum of a constant processing egrgy 1we ignore the energy consumed at the receiver.



A. Covariance matrix of GMRF LLR(Y.,Gy) = mnlogZt+ 1 Z(i _ L)Y?
" oy 2| o2 o2)7"
We make additional assumption on the structure of the i
covariance matrixZ; y, of the GMRF underH; viz., that + Z {103;[1 — ¢*(Rij)]
the nodes have the same measurement variance for any node (i,5)€€
configurationV, i.e., g*(Ry;) Y7 +Y?
Ti- 9*(Riy)  of
Zl,V(iai)éU%a 1= 17"'7”' (8) — MK? }:|7 (12)
1—g*(Rij) of

We denote the ratio between the variances under the alter- ] ] )
native and the null hypothesis at each node by where R;; is the Euclidean edge length ¢f, j) € €.
Theorem 1 gives a closed-form expression for the log-

) likelihood ratio, in terms of the edges of the nearest-nigigh
A0L Q) dependency graph of the GMRF. Note in (12), the cross-
ol terms are only between the neighbors of the dependency
graph, which is exploited to yield explicit data-fusion and
We also assume that undaf;, the amount of correlation routing schemes [2], summarized in section VI. Note that
between the neighbors,j of the dependency graph is (12) contains two kinds of terms. Therlge potentialsde-
specified by an arbitrary functiopy which has the Euclidean noted by#; ;(Y;,Y;), that depend on a pair of observations,

edge lengthR;; as its argument. From (8), we have given by
ASiv(ing) . o AL 2y IWB) Y
g(Rij)—Ui%, v (Z,J) eé. (10) ¢2,j(27]) 9 Og[ g (sz)] 1— gQ(Rij) 0_%
+ 92 (le) Yi2 + Yj2 (13)
The correlation functiory is required to satisfy some regu- 1—g¢*(Rij) 207

larity conditions. We assume that

and thenode potentialg); (Y;), depending on a single obser-

g(O)éM <1, g(c0) =0, (11) vation, given by

A, o L1 1N,
and thatg is a monotonically decreasing convex function of ¢i(Yi)=log 0 t3 (a? B (Tg)yi ' (14)
the edge length. This is a reasonable assumption, since the . .

amount of correlation usually decays as nodes become fart ence, the LLR can be written in a compact form
apart. Moreover, partial correlation @f0) = M < 1 arises

dueto sign_al impgrfectiqns. Note that_this ha; the sameteffe || R (Yn:Ga) = Z(bz ) Z 6:.;(Y:,Y;). (15)
on correlation as imposing an exclusion region on how near

two nodes can be placed. Some examples of the correlation

functions, satisfying our assumptions, are VI

i€V (i,7)€Eq

. MINIMUM ENERGY ROUTING

o M The aim of optimal routing for detection is to ensure the
g(r)=Me™"", g(r) = 11 pa’ O<a,M<I1 delivery of the LLR, given by (15), to the designated fusion
centervy, while minimizing the total energy consumption.
Note that we do not assume the presence of additive Gaussiadwever, this is NP-hard and we instead employ a 2-
measurement noise in the signal model, as considered in thgproximation routing algorithm for data-fusion of a Mavko
literature before. This is because with the additive noiseandom field (DFMRF). See Fig. 4 and [2]. We define two
the resulting GMRF no longer has a sparse dependengypes of transmissions for routing.
graph. As an alternative formulation, we model imperfect Definition 2: The data-transmission grapDTG(V) is
measurements by assuming partially-correlated nodes.  defined as the transmission subgraph that consists of trans-
missions of the raw sensor data. Tliielihood-aggregation
B. Expression for log-likelihood ratio graph AG(V) is defi_neq as the transmission subgraph that
consists of transmissions of the aggregates of the log-
We incorporate the assumptions (8-10) in the theoremkelihood ratio. The nodes that process data from other
below to obtain the LLR for detection. nodes i.e., those in the likelihood-aggregation graph, are
Theorem 1 (Log-likelihood ratio)lUnder the assumptions known as the set odiggregators denoted byl,c.
(8-10), the log-likelihood ratio in (7) for the hypothesis- The data-transmission graph DT needs to compute
testing problem in (6), given point s&t= {1,...,n}, is all the edge potentials of the LLR in (15) of the form



B cion center A. Average Energy for DFMRF

° Aggregator We now analyze the average energy consumption for the
DFMRF scheme. The average energy for DFMRF under the
binomial or Poisson process can be quantified using the law
of large numbers (LLN) for graph functionals [18].
—7=  AG = Prune(DMST) Theorem 3 (Average energy for DFMRFJhe

asymptotic average energy consumption of the optimal
Fig. 4: DFMRF routing delivering LLR to fusion center. data-transmission graph is given by

""" NNG

> DTG = NNG

¢:;(Y:,Y;). These edge potentials exist only between the C2 lim C(OFMRF) A C, lim Z R +C,
neighbors in the dependency gragh. Therefore, we con- nmee n "% (4,7) cormre n
sider DTQV) as G, itself, with arbitrarily assigned direc- = O\ e (v)+ G, (19)

tions. The data-fusion mechanism has two phases. During
the data-transmission phase, transmissions of raw datascc
node: computes Proof: The power-weighted edges of the NNG, MST and
the leaves of MST are all stabilizing graph functionals [18]
) Therefore, the LLN for graph functionals holds. )
m(i) = ¢:i(Yi)+ B S 4,V Y) The constant, (v) is the same for both the binomial and
<J,i>€DTG(V) the Poisson process, and can be found through simulations.
+ Z ¢i(Y5). (16) For a 200 node network, we obtained(2) = 0.7134,
<j,i>EDTG(V),j¢ Vas ce(3) = 0.6462 andc.(4) = 0.6528.

This local contribution is then aggregated and delivered 8- Detection Error Exponent
the fusion center, along the aggregation graph(AG given In this section, we characterize the detection error expo-
by DMST(V), the minimum spanning tree, directed towardsient. Under the Neyman-Pearson detection, for a fixed Type-I
the fusion center. On receiving the aggregates from all i®rror bound, the exponent of the Type-II error is independen
direct predecessors in A®), each node # vy combines of the type-l error bound [5], and given by

them with its local contribution and transmi{g) to its direct
successor, DA L L 10e P10 Hol

= lim og

—————————  underH,. 20
n—con  © p[Yn|ViHi] - 20)

I(5) = 4 Z 1(7) + m(i). a7 In the theorem below, we give a closed form for the error
<3i>AG(V) exponent, deriveédin [1], in terms of the variables and
At the end of the aggregation process, the LLR is availabiéinctions defined below.
at the fusion center and is given Bfuy).

Theorem 2 (Approx. for Arbitrary PlacementRFMRF ) A 222
is a 2-approximation algorithm for any arbitrary placement fiz) = log[l — 27, fz(w)zm, (21)
C(DFMRF(V)) hi(zig) 2 fi _ Ty T
S (18) 2.V
W Kig) = hi(aig) + johala:g). (23)

VIlI. ASYMPTOTICANALYSIS

It is intractable to evaluate the routing energy consunmptio . . . .
or the detection performance for an arbitrary point se{‘et %1denote the Rayleigh random _vanable with variance
Therefore, we assume that the nodes are placed randon{_ ,) : L_et w be the area of the union of two unit- radii
according to a point process defined on expanding regio .rcles with centers unit distant apart, given by
Let (B,,)»>1 denote a sequence of “regular” Borel sets (such
as squares or circles) of aracentered at the origin, for any W= il + @ ~ 5.06. (24)

positive constanh. Leti/, » be a binomial point process on 3 2

B, with intensity ), i.e., n nodes distributed i.i.d uniform  Theorem 4 (Expression fadb): For a GMRF on NNG

on the regionB, with node densityA. Let P, » be the \ith correlation functiong, with the nodes drawn from the
homogeneous Poisson processinwith constant intensity pinomial or the Poisson process with node densitand
A. The number of nodes goes to infinity, with fixed node

density A (Fig.1a). 2The expression given in [1] is in a different form, but redute$25).
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Fig. 5: Behavior of functions with exponential correlatig(r)
independent of. However, K affects their scaling irh. See

region areay, the error exponenD for Neyman-Pearson
detection is

1
+ logK + E -1 s
(25)
whereE, is the expectation over the random varialdle

DO\ K g) = 5 [EAh(Z2°%, K )

Proof : Due to lack of space, we omit the derivation which

employs a special law of large numbers for graph functiona
[18] and can be found in [1].
Note that in (25), the expectation term captures the co

relation structure of the GMRF and the remaining terms
represent the detection error exponent for two [ID Gaussian

processes with variance rati§, denoted byD;;p(K), i.e.,

1
D\ K;g) = B h(ZX"%° K;g) + Diip(K). (26)

Hence, the effect of correlation on the error exponent iQ

guantified in a compact form. It can be easily verified th
the expectation term is zero, whéd = 0 (no correlation).
Note that the facton—"-> appears in the expectation term,

since on an average, the edge-lengths scale by that ambunt. |

is easy to see thdd;;p(K) is independent of node density.

C. Infinite Node Density

We first analyze the error exponefl, when the node
density\ goes to infinity. This will provide insights to finding
the optimal density. As\ — oo, we have

1
D(OovKag) = DIID(K) + §h(07K7M)7

whereh(0, K; g) depends oy only throughg(0) = M, and

a

o
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(b) Correlation provides negative contributiol. = 2Kj.

= M exp[—ar], M = 0.5,a = 1. Functionsh; and h» are

(23).

>0, for K < Ky (M), (28a)
h(0, K, M)

<0, for K > K,(M). (28b)

For a fixedg(0) = M < 1, the thresholdk; (M) is
1 2M?
Kt(M)__log(l_MQ)l_M27 (29)

I
and2 < Ky(M) < 2.
Eroof: From (27) and1 — =) > 0. O

VIIl. OPTIMAL NODE DENSITY

Our objective is to find an optimal node densihy.
maximizing the detection error exponent under a constraint
on the average energy consumption of routing. Since, the
minimum energy scheme is NP-hard and finding its energy
consumption is intractable, we instead check whether the
FMRF routing scheme is feasible under the given energy
tt:onstraint. From (19), the energy constraitin (1) trans-
lates to a constraint oA under the DFMRF routing scheme,

( )

E > C, is needed for a feasible solution and in this case,

2
v

(E—Cp)*
Crce(v)

A

C<E=)\>)\g= (30)

when the density\ — oo, the constraint is always satisfied.

We now consider the modified density optimization prob-

lem in (1), restricting to the DFMRF scheme,

M(K, E) = arg max D(\, K g), (31)
ASAp

where K is the variance ratio and is the correlation

function. For fixedK and E, A\, > ),.. This is because

h(O,K,M):(1—%)(10g[1—]%2]+ 2M ]).(27)

K[1 — M2

energy is inversely to node density, and a scheme more
efficient than DFMRF can deliver LLR at a lower energy.

In the theorem below, we prove that the presence of coft- Threshold Behavior of Optimal Density
relation can either improve or degrade the error exponent, In this section, we provide the results for optimal density.
depending on the variance rati6. We establish a threshold In the theorem below, we show that the nature of optimal

on K that determines the transition.

Lemma 1 (Behavior at Infinite Densifh = o0)): At
A = oo, the correlation ternk (0, K, M) in (27) is positive,
if the variance ratiok™ is below a threshold valu&; (M),

density is determined by the thresholfs and K on K.
Theorem 5 (Result oi. (K, E)): The optimal density in
(31) that maximizes the error exponent, for correlationcfun

tion with g(0) = M < 1, feasible constraint, is



)\*(K7 E) = 00, VK < Kt(M)7 (32) g O;,
where thresholds; is given by (29), and I
{ os ThresholdK;
S O I o]
)\*(K, E) S )\*(K7 E) == )\E, VK > K{(M)7 (33) 225 —1s5 —10 -5 5 1o 1s 20

K indB
whhere As IS _the_optlnt:al ggnsn):junder the DFMRF rOUt'ngFig. 6: The contribution from correlation to error exponent
schemeAg is given by (30) an Vs. variance ratid{’ at A = co and M = 0.5. See (36).

2
K;(M):m > Ky(M). (34)
IX. NUMERICAL ANALYSIS
Also, when energy constraint is infinite — oo, we have In this section, we consider a specific correlation function
Ar = 0, and the result is improved to namely the exponential-correlation function,
M(K,00) =0, VK > K;(M). (35) g(r)=Me™ ™, a>0,0<M < 1. (39)
Proof: See Appendix A. O Using Theorem 4, we numerically evaluate through

The above theorem states that when the variance Fatio Monte-Carlo runs. We fix the correlation coefficient= 1
is below the thresholds;, for any feasible energy constraint, in (39).
optimality is attained at infinite density. On the other hand In Fig.5, we plot the expectations of functiohsh; andhs
above another threshold/, the constraint\r attains the against\=%-. In Fig.5a and Fig.5b, the value &f is below
optimal value. In the special case, when there is infinitand above the thresholf;. We observe that the behavior at
energy(Ag = 0), the constrainf g attains the optimal value \ = oo is different in the two plots. Note that the functions
even in the gap region between the two threshdldsand h; andh, are independent ok, but K affects their scaling
K{. On the other hand, for a general constraigt > 0, we in h.
are not able to analytically derive the optimal density ia th In Fig.7a and Fig.7b, we numerically evaluate the optimal
gap region. However, numerical investigation suggests tha. (K, \g) for different values of\/ and variance ratids. It
Ag is optimal even in this region. is convenient to plot the results in terms of°5, since the
A« could be infinite. We observe the threshold behavior at
K, as predicted. Whek < Ky, A\, = co. For K > K4, in

In the previous section, we proved the result on optimatig.7a and Fig.7b, optimality is mostly attained at the othe
density \... In this section, we analyze the extent to whichextreme point\z. This is consistent with Theorem 5.
the error exponent is dependent an This enables us to
gauge the usefulness of finding. To this end, we define

B. Sensitivity Analysis

X. CONCLUSIONS

The tradeoff between the energy consumption in routing
data and the resulting detection performance at the fusion
center, is an important problem in the context of sensor
networks. In this paper, we aimed to gain a perspective
which is the fraction of contribution coming from corretati  on this problem and additionally incorporated correlation
to the error exponent in (26), and hence, the part influencegtween the measurements through the Gauss-Markov ran-
by A. Note,0 < C(A, K;g) <1 andC(0, K;g) = 0. dom field model. We characterized the density of node

Lemma 2 (Sensitivity ab, to A): At K = 1, the frac- geployment that maximizes the detection error exponent
tion Of Contribution from COI’I‘elatiOI’] to the error exponentsubject to a Constraint on the average energy Consumption_

L\ AE[ZA%% K g
C(A7K79)—Wa (36)

C(A, K; g) is maximum, The measurement variance is crucial in determining whether
the optimal node density is limited by the routing energy
CNLg) =1, VA>0. (37) constraint and displays a threshold behavior. We haveetkriv
the threshold analytically and verified it with simulations
Also, in the largeK regime, The results on the optimal density are possible due to

exploitation of the Markovian structure, in deriving theasr
C(\K;g) =0, asK — oo, ¥\eRT. (38) exponent and the routing schemes. While acknowledging the
limitations of its validity, we have made an attempt to cleara
Hence, node density greatly influences detection perfocmanterize detection-energy tradeoffs for correlated measargs
at K = 1. In Fig.6, we plotC(\, K; g) as a function of.  in two (and higher) dimensions, which to the best of our
We see that it decays to zero &5 — oo. Hence, the error knowledge, has not been dealt before. Alternative formu-
exponent is insensitive to changes in density at high lations, not dealt in this paper, include selection of nodes
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Fig. 7: The optimal density. is decided by threshol&; (/) on variance ratidk. Ag = 1. See (31), Theorem 5.

with “useful” data, and incorporating node and link failsre
We have also not considered the issue of quantization ofy
measurements at various nodes. Another scenario is mobile
nodes having regions of coverage, instead of static nodes, a
assumed here, with observations at single points. Extessio 2]
to such scenarios would be of interest.

APPENDIX [3]
A. Proof of theorem 5
Define f(x, K)2 f1(z) + L fa(x), 4l
2 1.2 [5]
2
f(z,K) =log(1l —x%) + Tk
Sinceg(0) = M andg(oo) = 0, we havez € [0, M]. (6]
af 2x 2
== 14+ —).
Ox 1—962( +K(1—x2)) (7]
Therefore,f has only one critical point if0, M]. For K <
2, 8L > 0and forK > 2, 9L <0, Yz € [0, M]. There  [8]

are no critical points. Fo2 < K < ﬁ the critical point

is a minimum. Hence, maximum is attained at one of theyg)
boundary point§0, M }. For K < K, itisatz = M = ¢(0)
and hence,

flg(Re), K) < f(9(0), K3 g9),

When the point sets are drawn from binomial or Poisso[h]
processes, and?. are the edge-lengths of NNG,
(V,gd),

VR, >0. (10]

1 1 12
=3 9B, Kig) < = 3 f(9(0), K g). 12
ec&y ec&y
Letting n — oo on both sides, [13]
E[h(ZA\ "5 K;g)] < h(0, K, M), VYzeRT,
where the limits have been derived in [1]. Hence, 14l
M (K, Ag) = arg max E[h(ZA"%% K; g)] = oc.
AZAE [15]
Similarly, for K > K;, we have
f(Re,K;9) < f(oo,K59) =0, VRe>0. [16]
If E =00, Ag = 0andX,.(K,0) = 0. Now, for K > 2,
f(g(R.), K) is increasing inR.. R, = A°°R’, where [17]
R) is the edge-length in unit area. Henglg(R.), K) is  [1g]

decreasing im\. Therefore, the limitE[h(ZA7%5, K;g)] is
decreasing il\. Hence \.(K, Ag) = Ag. O
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