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Abstract— The problem of maximizing detection perfor-
mance subject to an energy constraint is analyzed in an asymp-
totic setting. The correlation between the sensor measurements
is incorporated through the Gauss-Markov random �eld with
Euclidean nearest-neighbor dependency graph. An average
energy constraint is imposed on a routing scheme with an
approximation factor of two, and the resulting Neyman-Pearson
error exponent is optimized with respect to the density of the
deployed sensors. It is shown that the behavior of this optimal
density crucially depends on the ratio between the measurement
variances under the two hypotheses and displays a threshold
behavior. Below the threshold value of the variance ratio, the
optimal density tends towards in�nity for any feasible energy
constraint. On the other hand, when the variance ratio is above
the threshold, the optimal density is characterized by the energy
constraint.
Index Terms— detection, Gauss-Markov random �elds, Routing,
error exponent.

I. I NTRODUCTION

The deployment of sensors is the �rst step in establishing
a network. It in�uences the performance of the network,
including the energy consumed in routing data. However,
designing optimal deployment strategies requires �nding
optimal locations for all nodes and is not feasible for a
large network. In contrast, deploying nodes randomly but
according to an optimal density may be more tractable. In
this paper, we assume that the nodes are placed IID according
to the uniform or Poisson distribution with a �xed node
density (Fig.1a).

In a network of sensors measuring a correlated signal
�eld, the node density in�uences the extent of correlation
among the measurements and thereby detection performance.
Moreover, the energy required to route data typically depends
on the inter-node distance, and in turn, the node density.
Hence, we can design an optimal density that achieves
the best tradeoff between the energy consumed in routing
data and the resulting detection performance. Of course, the
optimal density depends on the routing protocols employed.
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Part of this work is presented in [1], [2].

In the classical approach, a layered architecture separates
the design of routing from the application. For energy-
constrained networks, application-speci�c routing may offer
better tradeoffs, and we employ one such routing scheme.

To characterize the detection performance, we consider
the Neyman-Pearson (NP) error exponent. Our objective is to
�nd an optimal node densityλ� that maximizes the detection
error exponentD, under a constraint�E on the average energy
consumption�C of routing per node,

λ�
�= arg max

�> 0
D� subject to�C � �E. (1)

Note that both the energy constraint and detection perfor-
mance are asymptotic in the number of nodes.

We address the following questions: does an optimal
density exist? And if so, what is its value? Is it one of the
extremes, viz., zero or in�nity? This is an important question,
since if the optimal node density is either zero or in�nity,
then we can simply place the nodes in as small/large an
observation area as possible. On the other hand, if this is not
the case, then we need to deploy the nodes, based on the
optimal density.

II. RELATED WORK

Detection of Gauss-Markov random �eld (GMRF) is re-
lated to the detection of Gauss-Markov random processes
(GMRP), which is a classical problem [3]. There is an
extensive literature on the large-deviations approach to the
analysis of detection of GMRP, e.g., [4], [5]. However, the
use of GMRP is not easily amenable to random placement of
nodes in planar and higher dimensional spaces. Hence, we
employ the model of a GMRF for randomly placed sensors
on the Euclidean plane.

An overview of routing in wireless networks can be found
in [6]. We are interested in routing spatially-correlated data
for optimal detection and hence, we can undertake aggrega-
tion along the path. Such in-network processing algorithms
for computing certain aggregate functions are dealt in the
surveys [7], [8]. These data-aggregation schemes, however,
are applicable for optimal detection, only for conditionally
independent data.

The literature considering the tradeoff between detection
performance and routing energy is less extensive. In [9]–[11],
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Fig. 1: Detection problem and random node deployment.

energy-ef�cient detection is considered under various for-
mulations. However, they all assume that the measurements
are conditionally independent. Detection of one-dimensional
GMRP is considered in [12], [13]. A speci�c link cost for
detection, based on the Chernoff information, is proposed in
[12]. In [13], a power-density constraint is imposed, i.e.,the
power per unit distance is �xed, so that the power per node
decreases linearly with the node density and a �nite sensor
density is shown to be optimal. We instead consider a per-
node average energy constraint. Also, these works assume the
one-dimensional model, not applicable when the nodes are
on a plane. In [14], local vote decision fusion is proposed for
non-parametric target detection; binary decisions are fused
locally by a majority rule before transmission to a fusion
center. However, no guarantee is provided on the energy
savings obtained. In [15], a decision-theoretic approach to
inference of a Markov random �eld with single-bit commu-
nication is considered and the network topology is prede�ned
by a directed acyclic graph.

III. SUMMARY OF RESULTS

As a motivation to our results, we �rst consider the special
case when the measurements are IID, conditioned under
either hypothesis. In this case, the log-likelihood ratio (LLR)
is a sum function, with each term depending only on one
node measurement. Since the signal �elds are uniform under
both the hypotheses (same measurement variance at all the
nodes), the detection performance is unaffected by the nature
of node deployments. Hence, we only need to consider the
effect of node density on routing.

The minimum-energy routing in this case is given by the
directed minimum spanning tree (DMST), with the directions
toward the fusion center. See Fig.2. The sum function can
be calculated hierarchically along DMST, starting at the
leaves and ending at the fusion center. It is intuitively clear
that increasing the node density decreases the (random)
node distances on average. Since the energy consumption
typically follows a distance-attenuation law, node density
has an inverse relationship with energy consumption. As the
node density goes to in�nity, the energy constraint is always
satis�ed and hence, in�nite density is always a solution to the
optimal tradeoff problem. However, incorporating correlation
introduces new tradeoffs in the problem.

Fusion Center

Fig. 2: For IID data, LLR is a sum function. Minimum en-
ergy routing is hierarchical aggregation along the minimum
spanning tree, directed towards the fusion center.

We assume the presence of correlation under the alterna-
tive hypothesisH 1 through the Gauss-Markov random �eld
(GMRF) model. See (Fig.1b, 1c). Again, assuming an uni-
form signal �eld model (same measurement variance at every
node) and a correlation function decaying with distance, we
study the effect of node density on the error exponent. To this
end, we unify the results from our previous works [1], [2],
which independently characterize the detection performance
and routing for a GMRF.

Intuitively, when both the hypotheses have the same mea-
surement variance, they can be distinguished only by the
presence of correlation underH 1. Correlation is maximized
when all the nodes are clustered close to one another, since
correlation decays with distance. Hence, ignoring the energy
constraint, the optimal density should be in�nite. We prove
that this is indeed true.

For the general case, when the measurement variances are
different, the behavior is decided by the ratio of the variances
under H 1 and H 0. We show that the optimal density is
in�nite when the variance ratio is below a threshold value
(Fig.3). Moreover, imposing any feasible routing-energy con-
straint does not change the optimal density. We provide the
expression for the threshold on the variance ratio.

We then show that the presence of correlation degrades the
error exponent when the variance ratio is above the threshold.
The optimal density is zero in this regime, if there is no
energy constraint (Fig.3a), i.e., the nodes should be placed
as far apart as possible. We then show that imposing a �nite
energy constraint leads to a strictly positive optimal density,
for variance ratios above another threshold (Fig.3b).

Finding a minimum energy routing scheme that delivers
the likelihood ratio of a Markov random �eld has been shown
to be NP-hard [2] and hence, �nding the optimal density in
this regime is also NP-hard. We provide a bound on the
optimal density, by analyzing the energy consumption of a
2-approximate routing scheme, proposed in [2]. Numerical
investigation shows that the bound holds even in the gap
region between the two thresholds.

Additionally, we analyze the extent to which the error
exponent is in�uenced by the presence of correlation and
in turn, by the value of node density. This enables us to
gauge the usefulness of �nding the optimal density. As
expected, the maximum contribution from correlation to the
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Fig. 3: Optimal node density vs. ratio of variances underH 1 andH 0. See Theorem 5.λE is a bound onλ� for K > K0
t .

error exponent is when the variances are equal under the
two hypotheses. On the other hand, we show that at large
variance ratio, the contribution from correlation decays to
zero, implying that the error exponent is mostly insensitive
to changes in node density.

IV. SYSTEM MODEL

An undirected graphG is a tupleG = ( V, E) where V
is the vertex set andE = f (i, j), i, j 2 V , i < jg is the
edge set. LetRij be the random variable denoting Euclidean
edge-length of(i, j). The neighborhood function of a node
i is the set of all other nodes having an edge with it. For
a directed graph, we denote the edges byE = f < i, j >
, i, j 2 V , i 6= jg, where the direction of the edge is fromi
to j.

For the matrixA = [ A(i, j)], A(i, j) denotes the element
in the ith row and j th column andjAj its determinant. For
two setsA andB, let AnB = f i : i 2 A, i /2 Bg.

A. Gauss-Markov Random Field

A GMRF, in addition to being a Gaussian random �eld,
satis�es special conditional independence properties. A sim-
ple example is the �rst-order auto-regressive process, where
the conditional independence of the observations is based on
causality. However, a spatial random �eld has a far richer
set of conditional independencies, requiring a more general
de�nition [16, p. 21].

De�nition 1 (GMRF): Given a point setV = f 1, . . . , ng,
YV = f Yi : i 2 Vg is a GMRF with an (undirected)
dependency graphGd(V, E) if YV is a Gaussian random
�eld, and 8i, j 2 V , Yi andYj are conditionally independent
given observations at all other nodes ifi and j are not
neighbors,

Yi ? Yj jY� ij () (i, j) /2 Ed, 8i, j 2 V , i 6= j, (2)

where? denotes conditional independence andY� ij
�=( Yk :

k 2 V , k 6= i, j).

B. Network and Energy Model

We assume that the energy consumed by a nodei can be
represented by the sum of a constant processing energyCp >

0 and the transmission energy1 [17]. For details, see [2]. The
energy required for the transmission of a real number from
i to j is denoted byCi;j . We assume that

Ci;j = Ct jdist(i, j)j � , 2 � ν � 4, (3)

whereCt is a constant, dist(i, j) is the inter-node distance
andν is the channel path-loss exponent. Further, we assume
that the processing energyCp at every node is constant and
independent of the number of transmissions from the node.

The set of transmissions in a node setV can be represented
as a digraphG = ( V, E). Note that this transmission digraph
is different from the dependency graph of the signal �eld.
Let C(G) denote the total transmission energy given by

C(G) �= Ct

X

e2E

R�
e , (4)

where re is the Euclidean edge length. We further require
that G � UDG(V), the unit-disk graph, de�ned as the set
of edges between any two nodes within an unit Euclidean
distance of each other.

V. HYPOTHESIS-TESTING PROBLEM

Let V = f 1, . . . , ng be a set ofn nodes on the plane and let
Yn be the random vector of observation samplesYi , i 2 V ,

Yn
�=[ Y1, . . . , Yn ]T . (5)

The hypothesis-testing problem is (Fig.1b,1c),

H 0 : Yn � N (0, σ2
0I) vs. H 1 : Yn � N (0, Σ1;V ), (6)

where the covariance matrixΣ1;V of a GMRF depends on
the con�guration of nodes inV.

The optimal decision-rule under the Neyman-Pearson for-
mulation is a threshold test based on the log-likelihood
ratio (LLR). Let p[Yn jV; H j ] be the conditional PDF of the
observations given the point setV under hypothesisj.

LLR(Yn , Gd) �= log
p[Yn , V; H 0]
p[Yn , V; H 1]

. (7)

1We ignore the energy consumed at the receiver.



A. Covariance matrix of GMRF

We make additional assumption on the structure of the
covariance matrixΣ1;V of the GMRF underH 1 viz., that
the nodes have the same measurement variance for any node
con�guration V, i.e.,

� 1;V (i, i) �= σ2
1 , i = 1 , . . . , n. (8)

We denote the ratio between the variances under the alter-
native and the null hypothesis at each node by

K �=
σ2

1

σ2
0

. (9)

We also assume that underH 1, the amount of correlation
between the neighborsi, j of the dependency graph is
speci�ed by an arbitrary functiong, which has the Euclidean
edge lengthRij as its argument. From (8), we have

g(Rij ) �=
� 1;V (i, j)

σ2
1

, 8 (i, j) 2 E. (10)

The correlation functiong is required to satisfy some regu-
larity conditions. We assume that

g(0) �= M < 1, g(1 ) = 0 , (11)

and thatg is a monotonically decreasing convex function of
the edge length. This is a reasonable assumption, since the
amount of correlation usually decays as nodes become farther
apart. Moreover, partial correlation org(0) = M < 1 arises
due to signal imperfections. Note that this has the same effect
on correlation as imposing an exclusion region on how near
two nodes can be placed. Some examples of the correlation
functions, satisfying our assumptions, are

g(r) = Me� ar , g(r) =
M

1 + ra , 0 � a, M < 1.

Note that we do not assume the presence of additive Gaussian
measurement noise in the signal model, as considered in the
literature before. This is because with the additive noise,
the resulting GMRF no longer has a sparse dependency
graph. As an alternative formulation, we model imperfect
measurements by assuming partially-correlated nodes.

B. Expression for log-likelihood ratio

We incorporate the assumptions (8-10) in the theorem
below to obtain the LLR for detection.

Theorem 1 (Log-likelihood ratio):Under the assumptions
(8-10), the log-likelihood ratio in (7) for the hypothesis-
testing problem in (6), given point setV = f 1, . . . , ng, is

LLR(Yn , Gd) = n log
σ1

σ0
+

1
2

� X

i 2V

� 1
σ2

1
�

1
σ2

0

�
Y 2

i

+
X

( i;j )2E

n
log[1 � g2(Rij )]

+
g2(Rij )

1 � g2(Rij )

Y 2
i + Y 2

j

σ2
1

�
2g(Rij )

1 � g2(Rij )
Yi Yj

σ2
1

o�
, (12)

whereRij is the Euclidean edge length of(i, j) 2 E.
Theorem 1 gives a closed-form expression for the log-

likelihood ratio, in terms of the edges of the nearest-neighbor
dependency graph of the GMRF. Note in (12), the cross-
terms are only between the neighbors of the dependency
graph, which is exploited to yield explicit data-fusion and
routing schemes [2], summarized in section VI. Note that
(12) contains two kinds of terms. Theedge potentials, de-
noted byφi;j (Yi , Yj ), that depend on a pair of observations,
given by

φi;j (i, j) �=
1
2

log[1 � g2(Rij )] �
g(Rij )

1 � g2(Rij )
Yi Yj

σ2
1

+
g2(Rij )

1 � g2(Rij )

Y 2
i + Y 2

j

2σ2
1

, (13)

and thenode potentialsφi (Yi ), depending on a single obser-
vation, given by

φi (Yi )
�= log

σ1

σ0
+

1
2

� 1
σ2

1
�

1
σ2

0

�
Y 2

i . (14)

Hence, the LLR can be written in a compact form

LLR(Yn ; Gd) =
X

i 2V

φi (Yi ) +
X

( i;j )2E d

φi;j (Yi , Yj ). (15)

VI. M INIMUM ENERGY ROUTING

The aim of optimal routing for detection is to ensure the
delivery of the LLR, given by (15), to the designated fusion
centerv0, while minimizing the total energy consumption.
However, this is NP-hard and we instead employ a 2-
approximation routing algorithm for data-fusion of a Markov
random �eld (DFMRF). See Fig. 4 and [2]. We de�ne two
types of transmissions for routing.

De�nition 2: The data-transmission graphDTG(V) is
de�ned as the transmission subgraph that consists of trans-
missions of the raw sensor data. Thelikelihood-aggregation
graph AG(V) is de�ned as the transmission subgraph that
consists of transmissions of the aggregates of the log-
likelihood ratio. The nodes that process data from other
nodes i.e., those in the likelihood-aggregation graph, are
known as the set ofaggregators, denoted byVAG.

The data-transmission graph DTG(V) needs to compute
all the edge potentials of the LLR in (15) of the form



NNG

DTG = NNG

AG = Prune(DMST)

Aggregator

Fusion center

Fig. 4: DFMRF routing delivering LLR to fusion center.

φi;j (Yi , Yj ). These edge potentials exist only between the
neighbors in the dependency graphGd. Therefore, we con-
sider DTG(V) as Gd itself, with arbitrarily assigned direc-
tions. The data-fusion mechanism has two phases. During
the data-transmission phase, transmissions of raw data occurs
along the DTG(V). At the end of this phase, every internal
nodei computes

m(i) = φi (Yi ) +
X

<j;i> 2 DTG(V)

φi;j (Yi , Yj )

+
X

<j;i> 2 DTG(V) ;j =2V AG

φi (Yj ). (16)

This local contribution is then aggregated and delivered to
the fusion center, along the aggregation graph AG(V), given
by DMST(V), the minimum spanning tree, directed towards
the fusion center. On receiving the aggregates from all its
direct predecessors in AG(V), each nodei 6= v0 combines
them with its local contribution and transmitsl(i) to its direct
successor,

l(i) =
X

<j;i> AG(V)

l(j) + m(i). (17)

At the end of the aggregation process, the LLR is available
at the fusion center and is given byl(v0).

Theorem 2 (Approx. for Arbitrary Placement):DFMRF
is a 2-approximation algorithm for any arbitrary placement.

C(DFMRF(V))
C(G� (V))

� 2. (18)

VII. A SYMPTOTIC ANALYSIS

It is intractable to evaluate the routing energy consumption
or the detection performance for an arbitrary point set.
Therefore, we assume that the nodes are placed randomly,
according to a point process de�ned on expanding regions.
Let (Bn )n � 1 denote a sequence of “regular” Borel sets (such
as squares or circles) of arean

� , centered at the origin, for any
positive constantλ. Let Un;� be a binomial point process on
Bn with intensity λ, i.e., n nodes distributed i.i.d uniform
on the regionBn with node densityλ. Let Pn;� be the
homogeneous Poisson process onBn with constant intensity
λ. The number of nodesn goes to in�nity, with �xed node
densityλ (Fig.1a).

A. Average Energy for DFMRF

We now analyze the average energy consumption for the
DFMRF scheme. The average energy for DFMRF under the
binomial or Poisson process can be quanti�ed using the law
of large numbers (LLN) for graph functionals [18].

Theorem 3 (Average energy for DFMRF):The
asymptotic average energy consumption of the optimal
data-transmission graph is given by

�C�= lim
n !1

C(DFMRF)
n

�= Ct lim
n !1

X

( i;j )2 DFMRF

R�
ij

n
+ Cp

= Ct λ� ν
2 ce(ν) + Cp, (19)

wherece(ν) is a constant, independent ofλ.
Proof: The power-weighted edges of the NNG, MST and
the leaves of MST are all stabilizing graph functionals [18].
Therefore, the LLN for graph functionals holds. 2

The constantce(ν) is the same for both the binomial and
the Poisson process, and can be found through simulations.
For a 200 node network, we obtainedce(2) = 0 .7134,
ce(3) = 0 .6462andce(4) = 0 .6528.

B. Detection Error Exponent

In this section, we characterize the detection error expo-
nent. Under the Neyman-Pearson detection, for a �xed Type-I
error bound, the exponent of the Type-II error is independent
of the type-I error bound [5], and given by

D �= lim
n !1

1
n

log
p[Yn ; H 0]

p[Yn jV; H 1]
, underH 0. (20)

In the theorem below, we give a closed form for the error
exponent, derived2 in [1], in terms of the variables and
functions de�ned below.

f1(x) �= log[1 � x2], f2(x) �=
2x2

[1 � x2]
, (21)

hi (x; g) �= fi (g(x)) �
π
2ω

fi (g(

r
π
ω

x)) , (22)

h(x, K; g) �= h1(x; g) +
1
K

h2(x; g). (23)

Let Z denote the Rayleigh random variable with variance
(2π) � 1. Let ω be the area of the union of two unit- radii
circles with centers unit distant apart, given by

ω =
4π
3

+

p
3

2
� 5.06. (24)

Theorem 4 (Expression forD): For a GMRF on NNG
with correlation functiong, with the nodes drawn from the
binomial or the Poisson process with node densityλ and

2The expression given in [1] is in a different form, but reducesto (25).
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region arean
� , the error exponentD for Neyman-Pearson

detection is

D(λ, K; g) =
1
2

h
E� h

�
Zλ� 0:5, K; g

�
+ log K +

1
K

� 1
i
,

(25)

whereE� is the expectation over the random variableZ.
Proof : Due to lack of space, we omit the derivation which
employs a special law of large numbers for graph functionals
[18] and can be found in [1]. 2

Note that in (25), the expectation term captures the cor-
relation structure of the GMRF and the remaining terms
represent the detection error exponent for two IID Gaussian
processes with variance ratioK, denoted byDIID (K), i.e.,

D(λ, K; g) =
1
2

E� h
�
Zλ� 0:5, K; g

�
+ DIID (K). (26)

Hence, the effect of correlation on the error exponent is
quanti�ed in a compact form. It can be easily veri�ed that
the expectation term is zero, whenM = 0 (no correlation).
Note that the factorλ� 0:5 appears in the expectation term,
since on an average, the edge-lengths scale by that amount. It
is easy to see thatDIID (K) is independent of node density.

C. In�nite Node Density

We �rst analyze the error exponentD, when the node
densityλ goes to in�nity. This will provide insights to �nding
the optimal density. Asλ ! 1 , we have

D(1 , K; g) = DIID (K) +
1
2

h(0, K, M ),

whereh(0, K; g) depends ong only throughg(0) = M , and

h(0, K, M ) = (1 �
π
2ω

)
�

log[1� M2]+
2M2

K[1 � M2]

�
. (27)

In the theorem below, we prove that the presence of cor-
relation can either improve or degrade the error exponent,
depending on the variance ratioK. We establish a threshold
on K that determines the transition.

Lemma 1 (Behavior at In�nite Density(λ = 1 )): At
λ = 1 , the correlation termh(0, K, M ) in (27) is positive,
if the variance ratioK is below a threshold valueKt (M ),

h(0, K, M )
�

� 0, for K < Kt (M ), (28a)

< 0, for K > Kt (M ). (28b)

For a �xed g(0) = M < 1, the thresholdKt (M ) is

Kt (M ) = �
1

log(1 � M2)
2M2

1 � M2 , (29)

and2 < Kt (M ) < 2
1� M 2 .

Proof: From (27) and(1 � �
2! ) > 0. 2

VIII. O PTIMAL NODE DENSITY

Our objective is to �nd an optimal node densityλ�

maximizing the detection error exponent under a constraint
on the average energy consumption of routing. Since, the
minimum energy scheme is NP-hard and �nding its energy
consumption is intractable, we instead check whether the
DFMRF routing scheme is feasible under the given energy
constraint. From (19), the energy constraint�E in (1) trans-
lates to a constraint onλ under the DFMRF routing scheme,

�C � �E ) λ � λE
�=

� ( �E � Cp)+

Ct ce(ν)

� 2
ν

. (30)

�E � Cp is needed for a feasible solution and in this case,
when the densityλ ! 1 , the constraint is always satis�ed.

We now consider the modi�ed density optimization prob-
lem in (1), restricting to the DFMRF scheme,

�λ� (K, �E) = arg max
� � � E

D(λ, K; g), (31)

where K is the variance ratio andg is the correlation
function. For �xed K and �E, �λ� � λ� . This is because
energy is inversely to node density, and a scheme more
ef�cient than DFMRF can deliver LLR at a lower energy.

A. Threshold Behavior of Optimal Density

In this section, we provide the results for optimal density.
In the theorem below, we show that the nature of optimal
density is determined by the thresholdsKt andK0

t on K.
Theorem 5 (Result onλ� (K, �E)): The optimal density in

(31) that maximizes the error exponent, for correlation func-
tion with g(0) = M < 1, feasible constraint�E, is



λ� (K, �E) = 1 , 8 K < Kt (M ), (32)

where thresholdKt is given by (29), and

λ� (K, �E) � �λ� (K, �E) = λE , 8 K > K0
t (M ), (33)

where �λ� is the optimal density under the DFMRF routing
scheme,λE is given by (30) and

K0
t (M ) =

2
1 � M2 > Kt (M ). (34)

Also, when energy constraint is in�nite�E ! 1 , we have
λE = 0 , and the result is improved to

λ� (K, 1 ) = 0 , 8 K > Kt (M ). (35)

Proof: See Appendix A. 2
The above theorem states that when the variance ratioK

is below the thresholdKt , for any feasible energy constraint,
optimality is attained at in�nite density. On the other hand,
above another thresholdK0

t , the constraintλE attains the
optimal value. In the special case, when there is in�nite
energy(λE = 0) , the constraintλE attains the optimal value
even in the gap region between the two thresholdsKt and
K0

t . On the other hand, for a general constraintλE > 0, we
are not able to analytically derive the optimal density in the
gap region. However, numerical investigation suggests that
λE is optimal even in this region.

B. Sensitivity Analysis

In the previous section, we proved the result on optimal
densityλ� . In this section, we analyze the extent to which
the error exponent is dependent onλ. This enables us to
gauge the usefulness of �ndingλ� . To this end, we de�ne

C(λ, K; g) �=
E[Zλ� 0:5, K; g]

2D(λ, K; g)
, (36)

which is the fraction of contribution coming from correlation
to the error exponent in (26), and hence, the part in�uenced
by λ. Note,0 � C(λ, K; g) � 1 andC(0, K; g) = 0 .

Lemma 2 (Sensitivity ofD� to λ): At K = 1 , the frac-
tion of contribution from correlation to the error exponent
C(λ, K; g) is maximum,

C(λ, 1;g) = 1 , 8 λ > 0. (37)

Also, in the large-K regime,

C(λ, K; g) ! 0, asK ! 1 , 8 λ 2 < + . (38)

Hence, node density greatly in�uences detection performance
at K = 1 . In Fig.6, we plotC(λ, K; g) as a function ofK.
We see that it decays to zero asK ! 1 . Hence, the error
exponent is insensitive to changes in density at highK.
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Fig. 6: The contribution from correlation to error exponent
vs. variance ratioK at λ = 1 andM = 0 .5. See (36).

IX. N UMERICAL ANALYSIS

In this section, we consider a speci�c correlation function
namely the exponential-correlation function,

g(r) = Me� ar , a > 0, 0 < M < 1. (39)

Using Theorem 4, we numerically evaluateD through
Monte-Carlo runs. We �x the correlation coef�cienta = 1
in (39).

In Fig.5, we plot the expectations of functionsh, h1 andh2

againstλ� 0:5. In Fig.5a and Fig.5b, the value ofK is below
and above the thresholdKt . We observe that the behavior at
λ = 1 is different in the two plots. Note that the functions
h1 andh2 are independent ofK, but K affects their scaling
in h.

In Fig.7a and Fig.7b, we numerically evaluate the optimal
λ� (K, λE ) for different values ofM and variance ratioK. It
is convenient to plot the results in terms ofλ� 0:5, since the
λ� could be in�nite. We observe the threshold behavior at
Kt , as predicted. WhenK < Kt , λ� = 1 . For K > Kt , in
Fig.7a and Fig.7b, optimality is mostly attained at the other
extreme pointλE . This is consistent with Theorem 5.

X. CONCLUSIONS

The tradeoff between the energy consumption in routing
data and the resulting detection performance at the fusion
center, is an important problem in the context of sensor
networks. In this paper, we aimed to gain a perspective
on this problem and additionally incorporated correlation
between the measurements through the Gauss-Markov ran-
dom �eld model. We characterized the density of node
deployment that maximizes the detection error exponent
subject to a constraint on the average energy consumption.
The measurement variance is crucial in determining whether
the optimal node density is limited by the routing energy
constraint and displays a threshold behavior. We have derived
the threshold analytically and veri�ed it with simulations.

The results on the optimal density are possible due to
exploitation of the Markovian structure, in deriving the error
exponent and the routing schemes. While acknowledging the
limitations of its validity, we have made an attempt to charac-
terize detection-energy tradeoffs for correlated measurements
in two (and higher) dimensions, which to the best of our
knowledge, has not been dealt before. Alternative formu-
lations, not dealt in this paper, include selection of nodes
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Fig. 7: The optimal densityλ� is decided by thresholdKt (M ) on variance ratioK. λE = 1 . See (31), Theorem 5.

with “useful” data, and incorporating node and link failures.
We have also not considered the issue of quantization of
measurements at various nodes. Another scenario is mobile
nodes having regions of coverage, instead of static nodes, as
assumed here, with observations at single points. Extensions
to such scenarios would be of interest.

APPENDIX

A. Proof of theorem 5

De�ne f (x, K) �= f1(x) + 1
K f2(x),

f (x, K) = log(1 � x2) +
2
K

x2

1 � x2 .

Sinceg(0) = M andg(1 ) = 0 , we havex 2 [0, M ].

∂f
∂x

=
2x

1 � x2

�
� 1 +

2
K(1 � x2)

�
.

Therefore,f has only one critical point in(0, M ]. For K <
2, @f

@x > 0 and forK > 2
1� M 2 , @f

@x < 0, 8x 2 [0, M ]. There
are no critical points. For2 < K < 2

1� M 2 , the critical point
is a minimum. Hence, maximum is attained at one of the
boundary pointsf 0, Mg. ForK < Kt , it is atx = M = g(0)
and hence,

f (g(Re), K) � f (g(0), K; g), 8 Re � 0.

When the point sets are drawn from binomial or Poisson
processes, andRe are the edge-lengths of NNGGd =
(V, Ed),

1
n

X

e2E d

f (g(Re), K; g) �
1
n

X

e2E d

f (g(0), K; g).

Letting n ! 1 on both sides,

E[h(Zλ� 0:5, K; g)] � h(0, K, M ), 8 x 2 < + ,

where the limits have been derived in [1]. Hence,

λ� (K, λE ) = arg max
� � � E

E[h(Zλ� 0:5, K; g)] = 1 .

Similarly, for K > Kt , we have

f (Re, K; g) � f (1 , K; g) = 0 , 8 Re � 0.

If �E = 1 , λE = 0 andλ� (K, 0) = 0 . Now, for K > 2
1� M 2 ,

f (g(Re), K) is increasing inRe. Re = λ� 0:5R0
e, where

R0
e is the edge-length in unit area. Hence,f (g(Re), K) is

decreasing inλ. Therefore, the limitE[h(Zλ� 0:5, K; g)] is
decreasing inλ. Hence,λ� (K, λE ) = λE . 2
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