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Optimal Pilot Placement for Semi-Blind Channel Tracking

of Packetized Transmission over Time-Varying Channels∗

Min DONG†, Srihari ADIREDDY†, and Lang TONG†a), Nonmembers

SUMMARY The problem of optimal placement of pilot sym-
bols is considered for single carrier packet-based transmission
over time varying channels. Both flat and frequency-selective fad-
ing channels are considered, and the time variation of the channel
is modeled by Gauss-Markov process. The semi-blind linear min-
imum mean-square error (LMMSE) channel estimation is used.
Two different performance criteria, namely the maximum mean
square error (MSE) of the channel tap state over a packet and
the cumulative channel MSE over a packet, are used to compare
different placement schemes. The pilot symbols are assumed to
be placed in clusters of length (2L + 1) where L is the channel
order, and only one non-zero training symbols is placed at the
center of each cluster. It is shown that, at high SNR, either per-
formance metric is minimized by distributing the pilot clusters
throughout the packet periodically. It is shown that at low SNR,
the placement is in fact not optimal. Finally, the performance
under the periodic placement is compared with that obtained
with superimposed pilots.
key words: pilot symbols, placement schemes, channel estima-
tion, time varying, Gauss-Markov process

1. Introduction

Due to the time-varying nature of the propagation
channel, channel state acquisition is one of the main
challenges to achieving high data rates in wireless com-
munication. Pilot symbols are typically inserted in data
packets to facilitate channel estimation and tracking. It
has been recently shown that the optimized placement
of pilot symbols enhances overall system performance
[1], [6]. In a time-varying environment, the optimiza-
tion of the pilot symbols placement in data packets is
even more crucial.

The problem of optimal placement has been pre-
viously addressed under various settings. Optimal
placement of training for maximizing ergodic capac-
ity in the setting of frequency selective block fading
has been considered in [1]. Under the assumption that
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the channel taps are i.i.d complex Gaussian, it was
shown that periodic placement in frequency is optimal
for OFDM where as a class of quasi periodic place-
ment schemes were optimal for single carrier systems.
Periodic placement in frequency turns out to be opti-
mal for an OFDM system that maximizes ergodic ca-
pacity at high SNR and large coherence time regime
in [12], too. From the channel estimation point of
view, the optimal placement minimizing the Cramér-
Rao Lower Bound (CRLB) for semi-blind estimation of
frequency selective block fading channels in both single
input single output (SISO) and multi input multi out-
put (MIMO) systems was found in [6]. Periodic place-
ment is shown to be one of the optimal placements in
this frame work, too. Placement issues for channel esti-
mation in multiple-antenna systems employing orthog-
onal space-time codes has been considered in [4].

Optimal training for time-varying channels has
been previously explored into in [5], [7], [10], [11]. In
[5], Cavers analyzed the pilot symbol assisted modu-
lation (PSAM) under flat Rayleigh fading in terms of
bit error rate, assuming a periodic training of cluster
size 1. Also discussed is the effect of pilot symbol spac-
ing and Doppler spread. In [10], for the flat Rayleigh
fading modeled by a Gauss-Markov process, under the
PSAM scheme mentioned above, the optimal spacing
between the pilot symbols is determined numerically
by maximizing the mutual information with binary in-
puts. In [11] the channel is once again assumed to be
flat, Rayleigh but the time variation is modeled by a
band-limited process. At high SNR and large block
length regime, optimal parameters for pilots including
the number and spacing of pilot symbols, power allo-
cated to information and pilots are then determined by
maximizing a lower bound on capacity. All the prior
works start with the assumption that the pilot symbols
are inserted one by one periodically in the data stream.
Recently, we considered the optimal placement of pilots
in an infinite data stream over time-varying channels
with Gauss-Markov variation. Under the assumption
that the Kalman Filter is used for channel tracking, it
is shown that periodically placing pilot symbols one by
one is optimal. See [8] for the details.

In this paper, we consider the problem of optimal
pilot placement in finite length data packets that are
being transmitted over time-varying channels. It is as-
sumed that semi-blind linear minimum mean-square er-
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ror (LMMSE) channel estimator is used at the receiver.
For simplicity, the estimator is first derived for flat fad-
ing channels, and then extended to the frequency se-
lective channel with order L. For frequency selective
fading channels, we assume that pilot symbols are con-
strained to be placed in clusters of length (2L+1) with
each cluster having only one non-zero symbol placed at
the center. The presence of pilot symbols in the data
stream makes the MSE of the channel estimator time
varying. Two different performance criteria are consid-
ered: the maximum MSE of the channel tap state over a
packet and cumulative channel MSE over a packet. The
first criterion is particularly relevant for receivers using
symbol-by-symbol techniques. We show that, at high
SNR, both performance metrics are minimized by dis-
tributing the pilot clusters periodically in the packet.
We also point out that this placement is in fact not
optimal at low SNR. Finally, the performance under
the periodic placement is compared with that obtained
with superimposed pilots.

This paper is organized as follows. In Sect. 2 we
introduce the system model, and formulate the prob-
lem. For both flat and frequency selective channels, we
then obtain the expression of the semi-blind LMMSE
channel estimator and its estimation error in Sect. 3.
The optimization of pilot placement is then considered
in Sect. 4, where the optimal placement schemes are
derived for the high SNR regime. Channel estimation
with superimposed pilots scheme is dealt with in Sect. 5.
Section 6 contains some relevant simulations and the
concluding remarks are delineated in Sect. 7.

2. System Model

In this section, we describe the system model. We first
give the model assumed for the channel and then de-
scribe the model for the data packets.

2.1 Channel Model

The channel is modeled as a linear time-varying FIR
filter of order L, and we denote the channel state vec-
tor at time instant k as hk = [hk[0], · · · , hk[L]]T . The
time variation of the frequency selective fading channel
within the duration of the data packet is modeled by
the following first order vector Gauss-Markov process:

hk = ahk−1 + uk, (1)

where uk
i.i.d.∼ CN (0, (1 − a2)σ2hI) is the driving noise

with the uk’s independent, and a is the correlation co-
efficient that may vary between zero and one according
to the fading channel bandwidth fm (Doppler spread).
We assume that hk ∼ CN (0, σ2hI). These assumptions
imply that the channel taps are independent and iden-
tically distributed and each tap fades in a statistically
identical fashion. The output at time instant k, yk, can

then be written as

yk =
L∑

i=0

hk[i]sk−i + nk, k = L+ 1, · · · , N + P,

where sk the transmitted symbols and nk
i.i.d.∼

CN (0, σ2n) the complex circular white Gaussian noise
at time k. Note that, as a special case when L = 0, we
have the Rayleigh flat fading model.

We assume that each packet consists of of N data
symbols and P pilot symbols. Data symbols are mod-
eled as i.i.d random variables with zero mean and vari-
ance σ2d. We assume that each pilot symbol has the
same power σ2p. We further assume that the data, the
channel and noise are independent.

Finally, we assume that the receiver forms a semi-
blind LMMSE estimate of the channel. It is also as-
sumed that the estimate is formed independently from
packet to packet. This is reasonable in systems where
consecutive transmissions to a user are sufficiently sep-
arated in either time or frequency.

2.2 Pilot Symbol Placement

In general, the placement of pilot symbols in a packet
can be described by a tuple r = (ν,γ), where ν =
[ν1, · · · , νn+1] is the data block lengths vector and γ =
[γ1, · · · , γn] the pilot cluster lengths vector and n is the
number of pilot clusters. An example is illustrated in
Fig. 1. The vectors satisfy the following constraints

n+1∑
i=1

νi = N,
n∑

i=1

γi = P. (2)

Moreover, for those placements that start with pilot
symbols, ν1 = 0, and for those that end with pilot sym-
bols, νn+1 = 0. An equivalent way of specifying the
placement is through the set P that contains the in-
dexes of the positions of the pilot symbols in the packet.
For example, for N = 6, P = 2 and n = 2, a placement
described by r = ([2, 2, 2], [1, 1]) can be equivalently
specified by the index set P = {3, 6}. We will use one
of these two notations, depending on which one is most
convenient, to specify the placement of pilot symbols
in the packet. For convenience, we refer to the symbols
between any two consecutive known symbol clusters as
unknown symbol blocks.

Fig. 1 An input sequence with multiple clusters.
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2.3 Optimization Criteria

Both the metrics considered in this paper depend on
the estimate of only those taps that are associated with
data symbols. Given a placement P, these channel taps
are given by hk[l], (k − l) /∈ P. The rationale behind
such consideration is that the estimates of only these
taps alone affect the performance of symbol decoder.

The first criterion considered is maximum MSE.
The objective is to find the placement P∗ that mini-
mizes the maximum MSE of channel taps. If there ex-
ist multiple placements that have the same maximum
MSE, we would like to obtain the placement scheme
that minimizes the number of channel tap estimates
with the maximum MSE. In other words, let h̃k[l] be
the estimation error of hk[l], and let

E(P) = max
k,l:(k−l)/∈P

E
{∣∣∣h̃k[l]

∣∣∣2} , (3)

P = {P# : E(P#) = min
P

E(P)}, (4)

where the set P contains all those placements schemes
that minimize the maximum MSE. The optimal place-
ment scheme is the one that belongs to the set P and
has the least instances of channel tap estimates with the
maximum MSE. Let IP# be the index set of P# ∈ P,
such that

IP# =
{
(k, l) : (k − l) /∈ P#,E

{∣∣∣h̃k[l]
∣∣∣2}=E(P#)

}
.

(5)

The cardinality of the set IP# gives the number of
instances where the MSE of the channel tap is equal
to the maximum MSE. Then the optimal placement is
given by

P∗ = arg min
P#∈P

∣∣IP#

∣∣ , (6)

where | · | in (6) denotes the cardinality of the set.
The other optimization criterion considered in this

paper is the cumulative channel MSE over all those
channel taps that affect the output due to data symbols.
The optimal placement is then given by the one that
minimizes this metric. Formally it is

P∗ = argmin
P

∑
k,l:(k−l)/∈P

E
{∣∣∣h̃k[l]

∣∣∣2} . (7)

3. Semi-Blind LMMSE Channel Estimator

In this section we derive the structure and properties
of the semi-blind LMMSE estimator for flat fading and
frequency selective fading channels. If the vector s =
[sN+P , · · · , s1]t is the transmitted data packet and y is
the corresponding output, we have

y = Hs+ n, (8)

where

H=




hN+P [0] · · · hN+P [L]
. . . . . .

hL+1[0] · · · hL+1[L]



(9)

Denote the output that is due to the pilot symbols alone
as yt, and the rest of the output as yd. Because of
the unknown data sequence, the received data y and
the channel hk are not jointly Gaussian and hence the
MMSE estimator of hk does not have a closed-form ex-
pression. Therefore, the receiver forms the semi-blind
LMMSE estimate ĥk of hk. The estimation error, de-
noted as h̃k is defined as ĥk − hk.

3.1 Flat Fading Channels

A important special case, corresponding to L = 0, is
when the channel is assumed to under go Rayleigh flat
fading. The fading process in (1) becomes a scalar
Gauss-Markov model. The system equations for this
scenario are given by

yt = Stht + nt, yd = Sdhd + nd, (10)

where St and Sd are diagonal matrices whose diagonal
elements are equal to pilot symbols and data symbols
respectively, and hd and ht are column vectors con-
taining the channel states over data and pilot symbols,
respectively. The resulting ĥd and its minimum MSE
are then derived (see Appendix A) and given by

ĥd = E{hdyH}E−1{yyH}y, (11)

M(ĥd)
∆= E{h̃dh̃

H
d }

= Rhd
−Rhdt

SH
t (StRht

SH
t + σ2nI)

−1StRH
hdt

(12)

where Rhdt
= E{hdhH

t }, Rht
= E{hthH

t } and Rhd
=

E{hdhH
d }, and these quantities are functions of place-

ment P.
It should be noted that for the flat fading chan-

nel, the training based MMSE channel estimator, ĥd =
E{hdyH

t }E−1{ytyH
t }yt, has the same channel MSE as

(12). Therefore, surprisingly, data observations do not
provide any additional information to improve LMMSE
estimation. In other words, the semi-blind LMMSE es-
timation is equivalent to the training based MMSE es-
timation. This is due to the statistical orthogonality
of the channel hd and data sd, which in turn results
from the assumption of zero-mean data sequence and
the independence of the channel and data.

3.2 Frequency Selective Channels

We assume that pilot symbols are inserted in delta like
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clusters each of which is of length (2L+1). Each cluster
contains only one non-zero symbol placed at the center
of the cluster. It hence follows that for the types of
training that we consider, P is of the form r(2L + 1),
where r is an integer. The use of these pilot clusters
leads to a separation of data and training observations
which simplifies channel estimation, both for implemen-
tation and analysis. Such pilot clusters have also shown
to be optimal in some sense in [1], [6].

Let st denote the length r column vector contain-
ing the r non-zero pilot symbols. Denote as h(l) the
column vector formed by {hk[l]}N+P

k=L+1, and h(l)d and

h(l)t are column vectors formed from h(l) by selecting
those states corresponding to the data and non-zero
pilot symbols, respectively. The training observation
corresponding to h(l)t is given by

y(l)t = Sth
(l)
t + n(l)t , l = 0, · · · , L; (13)

where St = diag(st). Due to the restriction on the
structure of pilot clusters used and the model of chan-
nel, the estimation of h(l)d decouples for different l, and
can be treated separately as if in a flat fading scenario
(see Appendix B). The resulting minimum MSE for h(l)d
is then given by

M(ĥ(l)d ) = R
h

(l)
d

−R
h

(l)
dt

SH
t (StRh

(l)
t
SH

t

+ σ2nI)
−1StRH

h
(l)
dt

, l = 0, · · · , L. (14)

When L = 0, the MSE in (14) reduces to (12).

4. Optimal Placement of Pilot Symbols

In this section we formulate the problem of placement
under both the performance metrics for the case of fre-
quency selective channel with delta like training clus-
ters. We also derive the structure of the optimal place-
ment scheme for either performance metrics. A special
case of this optimization gives the optimal placement
of pilots for the flat fading channel.

4.1 The Minimax Optimization

The importance of this criterion stems from the fact
that the maximumMSE of the channel tap estimate can
be utilized to provide a lower bound on the performance
of symbol-by-symbol detection schemes. This criterion
is also important since the maximum MSE, as a worse
case, is the limiting factor in any transmission designs.

4.1.1 The Maximum MSE

It can be seen from (14) that noise variance and the po-
sitions of the pilot symbol clusters affect the estimation
performance of channel states associated with the data
symbols. The resulting MSE is a complicated function

Fig. 2 Two types of data blocks in a packet.

of the placement P, the channel correlation coefficient
a and SNR. Obtaining the placement scheme that is op-
timal in general turns out to be a hard problem. Hence,
in this paper, we limit ourselves to the case of high SNR
(or σn → 0). It has been shown that inserting train-
ing is an effective way of learning the channel only at
high SNR [3]. At high SNR, some channel taps (the
ones that are associated with non-zero pilots) can be
estimated without any error. Therefore it is easy to
see that no two training clusters should be placed con-
secutively. That is, between any two training clusters
there should be at least one unknown symbol or equiva-
lently n = r. But for different placements, the tracking
performance can still be quite different and hence the
optimization of the number of unknown symbols in each
block still remains. If we let SNR tend to infinity i.e.,
limσn→0 ĥt(σn) = ht, the expression in (14) reduces to

M(ĥ(l)d ) = R
h

(l)
d

−R
h

(l)
dt

R−1
h

(l)
t

RH

h
(l)
dt

, l = 0, · · · , L. (15)

As shown in Fig. 2, there are two types of un-
known symbol blocks in a packet: those unknown sym-
bol blocks that lie between two consecutive pilot clus-
ters, which we will denote as type-I blocks, and those
data blocks that reside at two ends of a packet, which
we will denote as type-II blocks. We will first derive
the maximum MSE and position at which this MSE
is attained for each of these two block-types separately.
This will help us find the maximum MSE over the whole
packet along with the positions at which this MSE can
be found and determine the optimal placement scheme.
Before we proceed, we first simplify some notations. For
an unknown symbol block with length m, we denote as
d(l)m the column vector formed from h(l)d by selecting
those states corresponding to the unknown data sym-
bols in this block, and t(l) the column vector formed
from h(l)t by selecting the channel states over the non-
zero symbols in those pilot clusters which are the im-
mediate neighbors of the block.

Type-I blocks:
For a type-I unknown symbol block of length m, it has
two immediate neighbor pilot clusters, and t(l) is a 2-
by-1 vector. By the Markov property of the channel in
(1), given t(l), d(l)m is independent of channel states cor-
responding to the rest of non-zero pilot symbols. Thus,
d(l)m is only a function of t(l). The minimum MSE in
(15), in this case, can be rewritten as
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M(d̂(l)m ) = Rdm
−RdmtR−1

t R
H
dmt, (16)

where

Rdm
= E{d(l)m {d(l)m }H} = σ2h




1 · · · am−1

...
. . .

...
am−1 · · · 1


(17)

Rdmt = E{d(l)m {t(l)}H} = σ2ha
L+1




1 am−1

...
...

am−1 1


 (18)

Rt = E{t(l){t(l)}H} = σ2h

[
1 am+2L+1

am+2L+1 1

]
. (19)

It follows that the channel state MSE over each un-
known symbol in the block is

M(d̂(l)m )ii = σ2h

(
1− a2(L+1)

· a
2(i−1) − 2a2(m+L) + a2(m−i)

1− a2(m+2L+1)

)

i = 1, · · · ,m. (20)

Note that M(d̂(l)m ) is not a function of l, this implies
that the maximum MSE of the lth channel tap is the
same for any l. Thus, the maximum MSE is given by

E(m)1
∆= max

l,i
M(d̂(l)m )ii = max

1≤i≤m
M(d̂(0)m )ii

=




1− am+2L+1

1 + am+2L+1
m odd

2− am+2L − am+2L+2

1− a2(m+2L+1)
− 1 m even

(21)

and the position that gives the maximum MSE in the
block is

i∗ = argmax
1≤i≤m

M(d̂(0)m )ii ∈
{⌈

m+ 1
2

⌉
,

⌊
m+ 1

2

⌋}
.

(22)

Therefore, the maximum error appears in the middle
of the data block, and is only a function of the block
length m for fixed a. Thus, the maximum MSE can be
calculated using (21) for any type-I unknown symbol
block.

Type-II blocks:
Consider a type-II unknown symbol block with length
m at the end of a packet. t(l) in this case is a scalar.
From (9), we note that the number of states of the lth
tap corresponding to the unknown symbols in this block
type is l-dependent, thus the length of d(l)m depends
on different l. Again, by the Markov property of the
channel, given t(l), d(l)m is only a function of t(l). Each
channel state MSE M(d̂(l)m )ii in (16) is then given by

M(d̂(l)m )ii = (1− a2(L+i))σ2h, i = 1, · · · ,m− L+ l.

(23)

The maximum MSE and position at which this MSE is
attained is then given by

E(m)2
∆= max

i,l
M(d̂(l)m )ii = max

i
M(d̂(L)m )ii

= 1− a2(m+L) (24)
i∗ = m. (25)

For this block type, the maximum error occurs at the
end of the packet, and appears on the last channel tap.
By symmetry, for an unknown symbol block at the be-
ginning of a packet, the maximum MSE occurs at the
beginning of the packet and appears on the first chan-
nel tap. Again, the maximum MSE is only a function
of data block size m for a given a.

4.1.2 The Optimal Placement

A. Packet starting and ending with pilot sym-
bols

We constrain that every packet starts and ends with at
least one pilot cluster. This implies r ≥ 2, and also γ1,
γr ≥ (2L + 1), and ν1 = νr+1 = 0. In this case, the
packet contains only type-I blocks. Notice that E(m)1 in
(21) is a monotone increasing function of m. The opti-
mal placement minimizing the maximum MSE is then
obtained by minimizing the size of the longest unknown
symbol block in a packet. The following theorem for-
malizes this result.

Theorem 1: If each data packet starts and ends with
pilot clusters, i.e., ν1 = νr+1 = 0, and P = r(2L + 1),
where r ≥ 2. Under the assumed Rayleigh flat fading
model, the optimal placement (ν,γ) is given by

γi = 2L+ 1, i = 2, · · · , r;

νi ∈
{⌈

N

r − 1

⌉
,

⌈
N

r − 1

⌉
− 1
}
, i = 2, · · · , r. (26)

Proof: See Appendix C.1.
Theorem 1 shows that, under the pilot cluster con-

straint, at high SNR, distributing pilot clusters periodi-
cally in the packet is optimal. Furthermore, the optimal
placement is invariant under channel fading character-
istics a. As an important case, letting L = 0, Theorem
1 gives the optimal placement for the flat fading chan-
nel, i.e., periodic pilot placement.

B. General case
In general, a packet contains both type-I and type-II
blocks. In this case E(P) is obtained by comparing the
maximum MSEs of the (n+1) unknown symbol blocks,
or equivalently comparing the maximum MSE of type-I
blocks, denoted as E(mI)

I and that of type-II blocks, de-
noted as E(mII)

II . Intuitively, the optimal placement in
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(6) is such that, the lengths of blocks in the same type
are as equal as possible, and the maximum MSE of the
two block types, i.e., E(mI)

I and E(mII)
II , are as equal as

possible. This is verified in the following theorem.

Theorem 2: Under the assumed Rayleigh flat fading
model, the optimal placement (ν, γ) is given by

γi = 2L+ 1, i = 1, · · · , r;
νi ∈ {v∗, v∗ − 1}, i = 2, · · · , r.

ν1, νr+1 ∈
{⌈

N + q∗ − (r − 1)v∗

2

⌉
,⌊

N + q∗ − (r − 1)v∗

2

⌋}
(27)

where

(v∗, q∗)

=

{
(m∗

1, mod (N−2m∗
2

r−1 )) if E(m
∗
1)

1 ≤ E(m
∗
2+1)

2

(m∗
1 − 1, 0), otherwise

(28)

m∗
2 = argmin

0≤m2≤�N−(r−1)
2 	

E(m1)
1 − E(m2)

2 (29)

subject to E(m1)
1 − E(m2)

2 ≥ 0

where

m1 =
⌈
N − 2m2

r − 1

⌉
. (30)

Proof: See Appendix C.2.
Theorem 2 shows that at high SNR, in general, the

optimal placement requires that each packet starts and
ends with unknown symbol blocks of equal lengths, in
between, pilot clusters comply with the optimal peri-
odic placement as in the constrained case. The param-
eter for the optimal block length, {m∗, r∗}, is a func-
tion of the channel correlation coefficient a and the per-
centage of pilots. Finally, following Theorem 2, when
a → 1, ν1, νP+1 → v∗+1

4 . This implies that for chan-
nels varies very slow, under the optimal placement, the
lengths of the type-II blocks at two ends approach to
1
4 of that of type-I blocks. Again, the optimal place-
ment for flat fading channels is specified in Theorem 2
by letting L = 0.

4.2 The Cumulative MSE Optimization

In the previous section, we derived the placement
scheme that minimizes the worst case performance, i.e.,
the maximum channel MSE in a packet. It is also im-
portant to find the placement scheme that minimizes
the cumulative MSE.

In the following, we assume that every packet
starts and ends with at least one pilot cluster, i.e., only

type-I blocks are contained in the packet, and we con-
sider the optimization in (7). Firstly, we show in Ap-
pendix D that for every placement P,∑

(k−i)/∈P
E
{∣∣∣h̃k[i]

∣∣∣2} = L
∑
k/∈P

E
{∣∣∣h̃k[0]

∣∣∣2} . (31)

Hence, the optimization can be rewritten as

P∗ = argmin
P

∑
k/∈P

E
{∣∣∣h̃k[0]

∣∣∣2} , (32)

and we only need to consider the estimate of h(0)d .
Let Jγ be a selection matrix of size r × (N + P )

such that

st = Jγs. (33)

Let Jν be the N × (N + P ) selection matrix such that

sd = Jνs. (34)

It is simple to show that, under the assumption of
equi-powered non-zero pilot symbols, M(ĥ(0)d ) in (14)
can be equivalently rewritten as

M(ĥ(0)d ) = Jν

(
R−1

h(N+P )
+

σ2p
σ2n
JH
γJγ

)−1

JH
ν (35)

where Rhn
is the Toeplitz Hermitian matrix given by

Rhn
= σ2h




1 a a2 · · · an−1

a 1 a · · · an−2

...
. . . . . . . . .

...
...

. . . . . .
...

an−1 a 1



. (36)

The optimal placement can then be obtained as

r∗ = argmin
r

tr
(
M(ĥ(0)d )

)

= argmin
r

trJν

(
R−1

h(N+P )
+
σ2p
σ2n
JH
γJγ

)−1

JH
ν .

∆= argmin
r

M(N,P, r, σ2p, σn). (37)

4.2.1 Problem Formulation

We now state some properties ofRhn
that are crucial in

the optimization. The inverse of Rhn
is a tri-diagonal

matrix [9] (page 409). For 0 < a < 1, the matrix
(1−a2)

a R−1
hn

has an entry −1 in every position of the
super-diagonal and sub-diagonal and has main diagonal
entries 1

a , a+
1
a , · · · , a+

1
a ,

1
a .

From (35), it can be seen that the diagonal ele-
ments of the covariance matrix M(ĥ(0)d ) are in fact the
diagonal elements of the inverse of a symmetric tridi-
agonal matrix. The following lemma can be used in
finding an expression for these terms.
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Lemma 1: Let An is an n × n tridiagonal matrix
with −1 in the sub-diagonal and super-diagonal places
and main diagonal (a11, a22, · · · , ann). If diag(A

(−1)
n ) =

(b11, b22, · · · , bnn), then

bii=
1

aii−f+(i−1)−f−(n−i)
, i=1, · · · , n,

(38)

where the functions f+(·) and f−(·) are defined by the
following recursions

f+(i) =
1

aii − f+(i− 1)
, f+(0) = 0, i = 1, · · · , n

f−(i) =
1

an−i+1,n−i+1 − f−(i− 1)
,

f−(0) = 0, i = 1, · · · , n. (39)

Note that in order to define the functions f+(·) and
f−(·), we only need (a11, · · · , ann).

Given a placement P we use the above lemma
in order to obtain an expression for the cumulative
MSE M(N,P,P, σ2p, σn). Let m(i, N, P,P, σ2p, σn) be

the MSE of the channel estimate over the ith symbol,
so that

M(N,P,P, σ2p, σn)=
∑

i:i/∈P
m(i, N, P,P, σ2p, σn).

(40)

Given a placement P, let P ′ be the set of positions at
which the non-zero pilot symbols are present. We then
define the functions f+(i,P) and f−(i,P) as in (39)
with

aii = β +
1− a2

a

σ2p
σ2n

, i ∈ P ′

= β, i /∈ P ′i /∈ {1, N + P}

=
1
a
, i = 1, (N + P ), (41)

where β = a+ 1
a . Then we obtain the following lemma

quite easily from (35) and Lemma 1.

Lemma 2: The quantitym(i, N, P,P, σ2p, σn) is given
by

m(i, N, P,P, σ2p, σn)

=
1− a2

a

1
aii − f+(i− 1,P)− f−(n− i,P)

i = 1, · · · , n. (42)

where aii and the functions f+(i,P), f−(i,P) are de-
fined as above.

In spite of this structure, it is in general quite diffi-
cult to obtain the optimal placement schemes. Heuris-
tically, when we place the pilot symbols in clusters, the
channel estimates over the pilot symbols is good where

as the tracking (channel estimates over the unknown
symbols) is poor. When we spread the pilot symbols,
the channel estimates over the pilot symbols deteriorate
but the tracking improves. Hence the optimal place-
ment is a trade-off between these two quantities.

We again limit ourselves to the optimal placement
problem at high SNR. The cumulative MSE at high
SNR is denoted by G(N,P,P). That is,

G(N,P,P) = lim
σn→0

M(N,P,P, σ2p, σn). (43)

It is possible to simplify the expression obtained in
Lemma 2 at high SNR by letting σn go to zero in
m(i, N, P,P, σ2p, σn).

Lemma 3: The cumulative MSE is given by

G(N,P, r) =
n∑

i=1

g(νi), (44)

where g(νi) is the cumulative MSE of the symbols in
the ith unknown symbol block. We have

g(νi)=
νi−1∑
j=0

1
β−f(j+L)−f(νi+L−1−j)

, (45)

where

f(j) =
1

β − f(j − 1)
, ∀j ≥ 1

f(0) = 0. (46)

4.2.2 The Optimal Placement

The optimal placement of pilot symbols for high SNR
can now be found as

r∗ = arg min
r

G(N,P, r). (47)

As mentioned before, since perfect estimates of the
channel tap over pilot symbols is obtained at high SNR,
pilot clusters must always be separated, i.e., n = r and
γi = (2L + 1), i = 1, · · · , r. Only ν, the number of
unknown symbols in each block, is left to be optimized.
We claim that the MSE is minimized by placing the
unknown symbols such that the length of each block is
as equal as possible. Due to Lemma 3, it is enough if
we show that

2g(n) ≤ g(n+ 1) + g(n− 1), ∀n ≥ 0. (48)

This is in fact true and we hence have the following
theorem.

Theorem 3: If each packet starts and ends with pilot
clusters, under the assumption that P = r(2L + 1),
where r ≥ 2, the placement r∗, that is optimal with
respect to (7) at high SNR is given by

γi = 2L+ 1 i = 1, · · · , r (49)

νi ∈
{⌈

N

r − 1

⌉
,

⌈
N

r − 1

⌉
− 1
}
. (50)
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Proof: See Appendix E.
For the flat fading case where L = 0, the above

indicates that periodic pilot symbols placement is opti-
mal. From Theorem 1 and Theorem 3, we notice that
the optimization under both performance criteria re-
sults in the same optimal placement, which in certain
degree demonstrates the generality and advantage of
this placement. Finally, we want to point out that the
optimal placements we have obtained are high SNR re-
sults, while their optimality at low SNR is not guaran-
teed. Indeed, there exist examples where the optimal-
ity does not hold at low SNR. We will give examples in
Sect. 6 to emphasize this point.

5. Packets with Superimposed Training

In previous sections, we have considered optimizing the
placement of pilot symbols when they are inserted in
time. An alternate method of inserting pilots is by
superposition. This is a technique that has recently at-
tracted a lot of attention. Under superimposed train-
ing, the system equation can be written as

yk =
L∑

i=0

hk[i](sd,k−i+st,k−i)+nk,

k=L+1, · · · , N+P, (51)

where sd,k and st,k are data and pilot symbols at time
k, respectively. The power of data and pilot symbols
are denoted by ρ2d and ρ2t . For time-varying channels,
it appears that this scheme might have the advantage
of improving tracking capability due to the continuous
presence of training in the data stream. Therefore, we
are interested to compare the channel estimation per-
formance between the superimposed training scheme
and time-divisioned placement scheme.

When L = 0, let h be the column vector formed
by {hk[0]}N+P

k=1 . Then, the LMMSE estimator can be
derived using the similar formula in (11), and the re-
sulting MSE matrix (see Appendix F) is

M(ĥ) =
(
R−1

h(N+P )
+
(

ρ2t
ρ2dσ

2
h

+
σ2n
ρ2t

)
I
)−1

(52)

where Rh(N+P ) is the same defined in (36).
For frequency selective channels, the channel MSE

at each time can also be obtained following the standard
LMMSE derivation procedure. We will not give the
detailed description here. To compare the performance
between this scheme and the time-divisioned placement
scheme, we should keep the total power allocated to
data and training symbols in a packet the same in both
schemes, i.e.,

ρ2t =
P

N + P
σ2t , ρ2d =

N

N + P
σ2d. (53)

The detailed comparison is given in the next section.

6. Simulations

We compared the estimation performance for the fad-
ing channel under different pilot placement strategies.
The channel was Gaussian with variance σ2h = 1 and
L = 0. Figure 3 shows the maximum MSE vs. channel
correlation coefficient a for different placement schemes
at SNR=30 dB. The percentage of pilots is 33%. Notice
that when a = 0 (the channel varies independently) or
a = 1 (the constant channel), no gain in the optimal
placement as expected. The efficiency of the optimal
placement becomes apparent for a between 0 and 1.
We see that there is a significant gain by placing pi-
lot symbols optimally. Also, further performance im-
provement can be obtained by using the placement in
Theorem 2, comparing to the placement in Theorem 1.
However, we also notice that when a approaches to 1,
the performance gap under the optimal placements in
the two cases is very small. This implies that the con-
straint of starting and ending with pilot symbols results
in negligible performance loss when a is close to 1. For
bandwidths in the 10 kHz range and Doppler spreads of
order 100Hz, the parameter a typically ranges between
0.9 and 0.99 [10]. Figure 4 shows an example of non-
optimality of the placement we obtained at low SNR.
We see that a is close to 1, clustering pilot symbols
results in better performance. This indicates that at
high noise level and relatively slow fading, good train-
ing estimation performance takes an important place
in the trade-off between channel estimated over pilots
and tracking ability over data.

Also, we compared the performance under super-
imposed training with the above time-divisioned place-
ments in both figures. In Fig. 3, we observe that when
a is small, superimposed scheme outperforms the time-
divisioned scheme, while when a closes to 1, the later
scheme outperforms the former one. This shows that,

Fig. 3 Emax(P) vs. a. L = 0, SNR=30dB, N + P = 120,
η = 33%, σ2

h = 1.
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Fig. 4 Emax(P) vs. η. L = 0, SNR=0dB, N + P = 120,
η = 33%, σ2

h = 1.

Fig. 5 Emax(P) vs. a. L = 2, SNR=30dB, N + P = 120,
η = 33%, σ2

h = 1.

for fast varying channels, the superimposed scheme
shows its advantage of constant presence of training
which helps tracking the channel state. However, the
presence of data interference prevent accurate estima-
tion performance, which shows its disadvantage when
the channel varies slow. In Fig. 4, when the noise
level becomes higher, we see that the region that the
superimposed scheme outperforms the time-divisioned
scheme becomes larger.

Finally, for frequency selective channels, we re-
laxed the restricted pilot cluster structure described in
Sect. 3 to general pilot sequences, and compare the per-
formance for different placements. In Figs. 5 and 6, we
plotted the maximum MSE vs. a when L = 2 and the
pilot sequence consists of constant modulus symbols.
We observe that similar performance behaviors as in
Figs. 3 and 4 are also shown in this case.

For cumulative MSE criterion, Fig. 7 shows the
variation of the cumulative MSE of the channel esti-

Fig. 6 Emax(P) vs. η. L = 2, SNR=−10 dB, N + P = 120,
η = 33%, σ2

h = 1.

 

Fig. 7 Variation of MSE with a for L = 0 and SNR = 25dB.

 

Fig. 8 Variation of MSE with SNR for L = 0 and a = 0.95.

mate over the data symbols with the correlation param-
eter a. We choose N = 116, P = 32, L = 0 and SNR =
25 dB. The QPP-1 placement scheme is optimal for this
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scenario. As expected, we find that there is no gain in
the optimal placement for a = 0 and a = 1. Even if a
falls slightly below one, we see that the optimal place-
ment gives a large gain. Figure 8 plots the variation of
cumulative MSE of the channel estimate over data sym-
bols with SNR. As before, we choose N = 116, P = 32,
L = 0 and a = 0.95. We find that there is a significant
gain to be obtained by placing pilots optimally.

7. Conclusion

In this paper, we considered the placement of pilot sym-
bols for packet transmission over a time-varying fading
channel. Both flat and frequency selective fading chan-
nels were considered and the time-variation of the chan-
nels was modeled by a Gauss-Markov process. For fre-
quency selective fading channels, we constrained the pi-
lot clusters of length (2L+1) with each cluster contain-
ing only one non-zero pilot symbol placed at the center.
It was shown that at high SNR, pilot symbols should
be placed periodically to minimize both the maximum
MSE and the cumulative MSE over data symbols in a
packet. We also showed that the optimal placement
under flat fading channel is a special case of the above
when letting L = 0, i.e., periodic pilot symbol place-
ment. In spite of the generality of this placement at
high SNR, we present an example to emphasize that
this optimality is not guaranteed to hold at low SNR.
Finally, we also compared this periodic scheme with
superimposed scheme through simulations. The later
scheme shows the advantage under fast fading scenario
or high noise environment, while the former scheme is
better when the channel fades slowly and the noise level
is low.
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Appendix A: Derivation of (11) and (12)

Based on observation vector y from a packet, the semi-
blind LMMSE estimator can be derived using the or-
thogonality principle

E{(ĥd − hd)yH} = 0. (A· 1)

Therefore, we obtain Eq. (11). The MSE of ĥd is then
given by

M(ĥd) = E{h̃dh̃H
d } = Rhd

−RhdyR−1
y R

H
hdy

(A· 2)

where Rhdy = E{hdyH} and Ry = E{yyH}. Without
loss of generality (w.l.o.g.), let

h =
[
ht

hd

]
, y =

[
yt

yd

]
, S =

[
St 0
0 Sd

]
.

Then,

Rhdy = [E{hdyH
t }, E{hdyH

d }] = [Rhdt
SH

t , 0]

where we use the zero mean property of the data se-
quence. Furthermore,

R−1
y =

[
Ryt

Rytd

Rydt
Ryd

]−1
(A· 3)

where Ryt
= E{ytyH

t }, Ryd
= E{ydyH

d }, and Rytd
=

E{ytyH
d }. Since

Rytd
= E{(Stht + nt)(Sdhd + nd)H}
= E{SththH

d Sd}
= 0 (A· 4)

where we use the zero mean property of Sd and the
independence of h, S and n. Thus, Eq. (A· 3) is block
diagonal and from (A· 2), we have

M(ĥd) = Rhd
− [Rhdt

SH
t ,0]

[
R−1

yt
0

0 R−1
yd

]
· [Rhdt

SH
t ,0]H

= Rhd
−Rhdt

R−1
yt
RH

hdt
. (A· 5)

Therefore, we have Eq. (12).
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Appendix B: Decoupling of the Estimation of
h(l)

d for Different l, and Deriva-
tion of (14)

Similar as in (11), by the orthogonality principle, the
semi-blind LMMSE estimator for h(l)d is given by

ĥ(l)d = R
h

(l)
d y
R−1

y y, l = 0, · · · , L, (A· 6)

where R
h

(l)
d y

= E{h(l)d y
H} and Ry = E{yyH}. Under

the structure of delta-like pilot clusters of length (2L+
1), data and training observations are separated.

W.o.l.g, let

y =
[
yt

yd

]
, yt =



y(0)t
...
y(L)t




where y(l)t is the column vector consisting of train-
ing observations corresponding to the lth channel tap.
Then, for h(0)d ,

R
h

(0)
d y

=
[
E
{
h(0)d y

H
t

}
,E
{
h(0)d y

H
d

}]
=
[
E
{
h(0)d [y(0)t , · · · ,y(L)t ]H

}
,0
]

(A· 7)

=
[
E
{
h(0)d y

(0)
t

H
}
,0, · · · ,0

]
(A· 8)

where (A· 7) follows from the assumption that data
symbols have zero mean, and are independent of the
channel taps, and (A· 8) follows from the assumption
that channel taps are i.i.d. with zero mean.

Ry can be written as

Ry =
[
Ryt

Rytd

Rydt
Ryd

]
=
[
Ryt

0
0 Ryd

]
, (A· 9)

where Rytd
= E{ytyH

d } = ytE{yd}H = 0, which re-
sults from the assumption of zero mean data symbols.
And also

Ryt
= E{ytyH

t } =



R

y
(0)
t

0
. . .

0 R
y

(L)
t


 , (A· 10)

where E{y(i)t {y(j)t }H} = 0 due to the i.i.d. and zero
mean channel taps. Hence, ĥ(0)d becomes

ĥ(0)d = R
h

(0)
d y

(0)
t
R−1

y
(0)
t

y(0)t (A· 11)

Therefore, the estimation of h(0)d is only a function of
y(0)t , thus decouples from other channel taps. The same
derivation can be obtained for any channel tap h(l)d ,
l = 0, · · · , L. The MSE of h(l)d is then given by

M(ĥ
(l)
d ) = E{h̃(l)

d {h̃(l)
d }H}

= R
h
(l)
d

− R
h
(l)
d

y
(l)
t

R−1

y
(l)
t

RH

h
(l)
d

y
(l)
t

= R
h
(l)
d

− R
h
(l)
dt

SH
t (StRh

(l)
t

SH
t + σ2

nI)−1

· StR
H

h
(l)
dt

. (A· 12)

Appendix C

C.1 Proof of Theorem 1

Only type-I blocks are presented in a packet in this
case. As we have discussed, at high SNR, n = r, and
there are (r−1) data blocks. Let νk(P) be the length of
the ith block for a given placement P (ν1 = νr+1 = 0).

W.o.l.g., let ν1(P) ≤ · · · ≤ νr(P), equivalently, let

νk(P) = νr(P)− ik(P),
ik(P) ≥ 0, k = 2, · · · , r − 1. (A· 13)

Since
∑r

k=2 νk(P) = N , we have

(r − 1)νr(P) = N +
r−1∑
k=2

ik(P). (A· 14)

It is easy to verify that E(m)1 in (21) is a monotone in-
creasing function ofm. Hence, P in (4) can be rewritten
as

P = {P# : E(P#) = argmin
P

νr(P)}

=

{
P# : E(P#) = argmin

P

r−1∑
k=2

ik(P)

}
. (A· 15)

It is straight forward to see that

min
P

r−1∑
k=2

ik(P) = (r − 1)
⌈

N

r − 1

⌉
−N. (A· 16)

Therefore,

P=

{
P# :

r−1∑
k=2

ik(P#)=(r−1)
⌈

N

r−1

⌉
−N

}
. (A· 17)

Recall that IP# is the index set of the maximum MSE
in a packet. Also, by the property of type-I blocks,
the number of positions at which the maximum MSE
of the estimate in h(l)d is attained is the same for any l.
It follows that

|IP# | = (L+ 1)|{ik(P#) : ik(P#) = 0,
subject to (A· 16)}|

and thus

P∗ = argmin
P#∈P

∣∣IP#

∣∣
= argmin

P#∈P

|{ik(P#) : ik(P#) = 0,
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subject to (A· 16)}|

Then, we have

min
P#∈P

|{ik(P#) : ik(P#) = 0, subject to (A· 16)}|

= max
P#∈P

|{ik(P#) : ik(P#) > 0, subject to (A· 16)}|

= (r − 1)
⌈

N

r − 1

⌉
−N, (A· 18)

where

ik(P∗) =
{
1 k = 1, · · · , (r − 1)� N

r−1� −N
0 otherwise

(A· 19)

and

νr =
⌈

N

r − 1

⌉
. (A· 20)

Therefore,

νk ∈
{⌈

N

r − 1

⌉
,

⌈
N

r − 1

⌉
− 1
}
, k = 2, · · · , r.

And let m = � N
r−1� in (21), we obtain the maximum

MSE under the optimal placement. ✷

C.2 Proof of Theorem 2

Both type-I and type-II blocks are presented in a
packet in this case. Denote m2 the maximum type-
II block length. W.o.l.g., let m2 = νr+1 ≥ ν1, and
q2 = νr+1 − ν1. Given m2 and q2, if we only consider
the optimization problem for the rest of data blocks,
we reduce the to the constraint problem in Theorem 1.
And

m1 =
⌈
N − 2m2 − q2

r − 1

⌉
(A· 21)

is the maximum type-I block length under the optimal
placement in that case.

To utilize this result, we first restrict m2 such that{
E(m1)
1 ≥ E(m2)

2

(r − 1)m1 − q1 + 2m2 − q2 = N
(A· 22)

where q1 =
∑r−1

k=2 ik(P) as in (A· 14), and q1 ∈
{0, · · · , r − 2}. The second constraint is by

∑r+1
k=1 νk =

N .
Under the above constraints, given an m2, E(m1)

1 =
min E(P). Recall that E(m1)

1 monotone increases with
m1, thus

q2#=argmin
q2

E(m1)
1 =argmin

q2

(N − 2m2+q2)=0.

Then, given m2, m1 = �N−2m2
r−1 �. Since E(m2)

2 also

monotone increases with m2, to minimize E(m1)
1 ,

m2# = argmin
0≤m2≤�N−(r−1)

2 	
E(m1)
1 ,

subject to E(m1)
1 − E(m2)

2 ≥ 0

= argmin
0≤m2≤�N−(r−1)

2 	
E(m1)
1 − E(m2)

2 ,

subject to E(m1)
1 − E(m2)

2 ≥ 0
(A· 23)

Denote the above placement we obtained as P#. Now,
we move one data symbol to the last data block, i.e.,
increase νr+1 by 1. Denote the new placement P ′

#,
where m′

2# = m2# + 1. Notice that according to the
above minimization, the following is true

E(m
′
2#)

2 > E(m
′
1#)

1 (A· 24)

where m′
1# =

⌈
N−2m2#−1

r−1

⌉
. This implies E(P ′

#) =

E(m2#′)

2 .

• If E(P#) > E(P ′
#), i.e., E

(m#
1 )

1 > E(m
′
2#)

2 , then

min
P

E(P) = E(m
′
2#)

2 . (A· 25)

And

min
P′

#

∣∣∣IP′
#

∣∣∣ = 1, (A· 26)

where νr+1 = m2# + 1, ν1 = m2#, and νi ∈
{m′

1#,m
′
1# − 1}, i = 2, · · · , r − 1.

Notice that, in this case, by (A· 24), we have

E(m1#)

1 > E(m
′
1#)

1 , and we conclude{
v∗ = m′

1# = m#
1 − 1

q∗ = q′1# = 0
(A· 27)

• If E(P#) ≤ E(P ′
#), i.e., E

(m1#)

1 ≤ E(m
′
2#)

2 , then

min
P

E(P) = E(m1#)

1 . (A· 28)

Therefore,

min
P#

∣∣IP#

∣∣=q1#= mod
(
N − 2m2#

r−1

)
,

(A· 29)

where νr+1 = ν1 = m2#, νi ∈ {m1#,m1# − 1},
i = 2, · · · , r − 1 ✷

Appendix D: Proof of (31)

Notice that∑
k,l:(k−l)/∈P

E
{∣∣∣h̃k[l]

∣∣∣2} =
∑
l,i

M(ĥ(l)d )ii, (A· 30)
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where M(ĥd)(l) is given in (A· 12). Therefore, to show
(31), it is equivalently to show∑

i

M(ĥ(k)d )ii =
∑

i

M(ĥ(l)d )ii, (A· 31)

for 0 ≤ k, l ≤ L, k �= l.
Under the structure of the pilot clusters, it is easy

to see that the time duration between h
(k)
t [i] and h

(k)
t [j]

is equivalent to that between h
(l)
t [i] and h

(l)
t [j]. Since

the fading of each channel tap is a stationary process,
and all taps are identically distributed, this gives

R
h

(k)
t

= R
h

(l)
t
. (A· 32)

Define

D(l) ∆= SH
t (StRh

(l)
t
SH

t + σ2nI)
−1St. (A· 33)

Then,

D(l) = D(k), l �= k. (A· 34)

Similarly, under the assumption of packet starts and
ends with pilot clusters of length (2L+ 1), the correla-
tion between h(l)d and h(l)t is the same for any l. Thus,
we have

R
h

(l)
d

= R
h

(k)
d

, and R
h

(l)
dt

= R
h

(k)
dt

. (A· 35)

Thus, from (31)

M(ĥ(l)d ) = M(ĥ(0)d ), (A· 36)

and (A· 31) follows. ✷

Appendix E: Proof of Theorem 3

To proof the theorem, it is enough to show (48). The
function g(n) is defined as

g(n) =
n−1∑
i=0

φ(β − f(i)− f(n− 1− i)), (A· 37)

where φ(x) = 1
x . Now the function φ(x) is a continuous

decreasing convex function in the region (0,∞). If x =
(x0, · · · , x(n−1)) and y = (y0, · · · , y(n−1)), we have [2]
(page 10)

x ≺w y⇒
n−1∑
i=0

φ(xi) ≤
n−1∑
i=0

φ(yi). (A· 38)

Here x ≺w y if

k∑
i=0

x(i) ≥
k∑

i=0

y(i), k = 0, · · · , n− 1, (A· 39)

where x(0) ≤ x(2) ≤ · · · ≤ x(n−1) denote the compo-
nents of x in increasing order.

Our aim is to show that

g(n) + g(n) ≤ g(n− 1) + g(n+ 1), (A· 40)

that is
n−1∑
i=0

φ(β − f(i)− f(n− 1− i))

+
n−1∑
i=0

φ(β − f(i)− f(n− 1− i))

≤
n−2∑
i=0

φ(β − f(i)− f(n− 2− i))

+
n∑

i=0

φ(β − f(i)− f(n− i)).

(A· 41)

We claim that (β−f(i)−f(n−1−i), β−f(i−1)−f(n−
i)) ≺w (β − f(i− 1)− f(n− 1− i), β − f(i)− f(n− i))
for i = 1, · · · , (n−1). This combined with the fact that

φ(β−f(0)−f(n−1)) ≤ φ(β−f(0)−f(n)),(A· 42)

proves the required result. ✷

Appendix F: Derivation of Eq. (52)

When L = 0, within a packet, we have

y = (ρdSd + ρtSt)h+ n.

similar as in (A· 2), we have

M(ĥ) = Rh −RhyR−1
y R

H
hy (A· 43)

where

Rhy = E{hyH} = ρtRhSH
t

Ry = ρ2dE{(Sdh)(hHSH
d )}+ ρ2tStRhSH

t + σ2nI

= ρ2tStRhSH
t + (ρ2dσ

2
hI+ σ2nI). (A· 44)

Therefore, using matrix inversion lemma, we have
Eq. (52).
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