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ABSTRACT

The problemof training symbol placementfor the estimationof
block-fadingchannelis first considered The channelis frequeng
selectve with correlatedandonmtaps.TheCraner-RaoBound(CRB)
on the meansquareerror (MSE) of channelestimatorss derived
and minimized with respecto the pilot symbolsandtheir place-
ment. It is shavn that,amongall orthogonalpilot sequencelace-
ments,the minimum CRB is achiezed by concentratingilot and
datapowersin the middle of the paclet. The placemenbf train-
ing for trackingtime-varying channelds thenaddressedBoth flat
andfrequeng selectve fading environmentsare considered. We
optimizedtraining by minimizing the MSE of channelestimators
choserfrom optimalandsub-optimatrackingalgorithms.

1. INTRODUCTION

Oneof themajorchallengeén achieving reliabletransmissiorover
time varyingfadingchannelss channelestimation.Typically, pilot
symbolsareembeddedh datapacletsto facilitatechannektateac-
quisition. It hasbeenshawvn recentlythatthe placemenbf training
canaffect overall systemperformancdl, 2, 3].

For blockfadingchannelsvith independenandidenticallydis-
tributed(i.i.d.) taps,we consideredhe problemof optimaldesign
andplacementf pilot symbolsfor the estimationof randomchan-
nels[4, 5]. The performancecriterion usedwasthe CranérRao
Bound(CRB) onthemean-squarerror(MSE). It turnsoutthatthe
optimal placements to maximizethe total pilot anddatapower at
the midamblepositionswhile satisfyingthe pilot symbolorthogo-
nality condition. In practice however, the useof pulse-shapingl-
tersandthe presencef scattersendertheassumptiorof i.i.d. fad-
ing tapsunrealistic. This motivatesus to searchfor optimal place-
mentfor channelsith correlatedadingtaps.

A morechallengingproblem,perhapamoreimportantfor mo-
bile applicationsjs the placemenbf training symbolsfor channel
tracking. Althoughthe problemof channeltrackinghasbeenwell
studiedfor alongtime[6], little attentionhasbeenpaidontheopti-
mal placemenbf trainingsymbolsin a datastreamor in a paclet.
Recently in [7], the authorscomparedcapacitiesn adaptve and
non-adaptie coding schemedor a time-varying Rayleighfading
channelwith pilot symbolassistednodulation. However, how to
placetrainingsymbolsfor optimalchannelrackingis still anopen
problem.
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In this paper we first considerthe problemof optimal place-
mentof pilot symbolsfor block fadingchannelsWe obtainthe ex-
pressiorof CRB asafunctionof pilot symbolsandtheirplacement.
It is thenshawvn thatamongall orthogonalsequenceghe CRB is
minimizedby concentratinglataandpilot powersin themidamble
of the paclet. Next, for Rayleighfadingchannelswe presentaina-
lytical andnumericalresultsonthetrackingperformanceasafunc-
tion of the placemenbf trainingsymbolsandfadingbandwidth.

2. PLACEMENT FOR SLOW FADING CHANNELS

2.1. Problem Statement
2.1.1. TheModel

We considetthe estimationof an SISOlinearchannelwith random
impulseresponse.A multipathfading ervironmentis considered
andtheblock-fadingchanneis assumed,e., channelemainscon-
stantfor onedatapacletlengthandchangeso anotheindependent
valuefor the next pacletlength.We furtherassumehatthe estima-
tion is performedwithin onetransmittecpaclet.

Within onedatapaclet, the channelis modeledoy anFIR lin-
ear systemwith order L: y, = Ef:o hisk—i + ng, wWhereyy
is the receved signal,h = [ho,---,h.]” is the channelvectot
sk the input symbolandny thei.i.d. circular complex Gaussian
noisewith zeromeanandvariances?. We assumehat eachdata
paclet consistsof N datasymbolsand P pilot symbols,denoted
assq = [sa[1],-- -, sa[N]|T ands, = [sp[1], -, sp[P]]" respec-
tively. Thevectorchannemodelis usedfor theentirepaclet corre-
spondingothe (N +P) symbols.Denotingy = [yn+p-1,- -+, %1]",
s =[sntp,---,51]7, wehave

y=T(h)s+n=%H(s)h+n, 1)

where7 (h) is aToeplitzmatrixgeneratedrom h and#(s) aHan-
kel matrixgeneratedrom inputs

ho --- hr
T(h) = . ;
ho -+ hi (N+P—L)x(N+P)
@
SN+P SN+P-L
H(s) = Hankel : @)
SL+1 S1

We assumethat datasymbolsare dravn from ani.i.d. sequence
with zeromeanandvariances>. The power of the pilots is defined

P 1
aSaf, = % 2im1 |5p[1]|2-



Thechannelh canberepresentedy
h = Gv, 4

whereG = (gi1,---,g,) € CETY*2 haveq orthonormatolumns
andvectorv consistsof ¢ i.i.d. zeromeanrandomvariableswith
PDFp,(-) andvariances2. Wheng < L + 1, tapsof channelh
arecorrelatedvith covarianceE[(hh”] = ¢]GG”.

Specifically the channelis the combinationof the pulseshap-
ing filter and propagatiorchannel. Although propagatiorchannel
appeargandomchangedsrom paclet to paclet, channeltapsare
correlatedto eachotherin generaldueto the pulseshapindfilter.
Thus,channelh appearsandombut is restrictedin a certainsub-
spaceNotethatin aspecialcasewheng = L + 1, channetapsare
i.i.d. with E[hh¥] = ¢21. The optBhaiglegkmentoriss casevas
describedn [4, 5].

Finally, the datas, channelh andnoisen arejointly indepen-
dentandwe assuméhatthe channels to beestimatedisingdatay
for theentirepaclet, i.e., theestimations semi-blind.

Fig. 1: An inputsequence&vith multiple clusters

2.1.2. Pilot SymboPlacement

In generalthe placemenbf n clustersof pilot symbolscanbe de-
scribedby P = (v, «), wherev = [v1, - - -, v 1] iSthedatablock
lengthvectorand~y = [v1, - - -, ya] thepilot clusterlengthvector
asillustratedin Figurel. Constrainedy the total numberof data
and pilot symbols,we have 37! v; = N andY ", v = P.
Moreover, for thoseplacementstartingwith pilot symbolsy; = 0,
andthoseendwith pilot symbolsy,+1 = 0.

Theinput symbolvectorcanbe decomposethto the pilot and
datapartss = §, + 84, Wheres,, is obtainedy settingthe datapart
of s to zeroandsimilarly is s; obtained.This introducesa similar
decompositionn theinput symbolmatrix

H(s) = H(sp) + H(Sa), ©)

andfor corveniencewe definetheir “autocorrelation'matricesas
R. S H" (s)H(s), Rs, =H" (5,)H(5). (6)

Note thatquantitiess,, s; andtheir correspondingwutocorrelation
matricesarefunctionsof the placement.

A pilot sequenceiith placemen® is calledorthogonalf, given
n clustersof pilot symbolsandtheir placementP, the autocorrela-
tion matrix of pilot symbolsRs, is diagonalj.e., Rs, satisfies

K3
R., = , @

P

2
Krp+1

wherex? is thesquareof 2-normof theith columnof H(s,).

Finally we definethe midambleandedgepositionswithin one
paclet asshavn in Figure 2. Midamble positionsare definedas
thosewithin intenal [L + 1, N + P — L] while therestpartbelong
to edgepositions.
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Fig. 2. Edgeandmidamblepositionsof onedatapaclet

The CRB on the MSE is usedas a performancemeasureor
the placemenbf pilot symbols.Our objective is to find the optimal
placementhatminimizesthesumof the CRB for eachchannetap.

2.2. The Optimal Placement of Pilot Sequence
2.2.1. TheCramér-RaoBound

The CRB for randomchannelss usedasa performancemeasure
for the designand placemenbf pilot symbols[5]. The CRB for
transformationsf therandomparameterss givenby thefollowing
lemma.

Lemmal Let@ bearandomvector Letf = g(0), wheef, asa
functionof @, is a randomparametervectorto be estimated.Then
thecomplex CRBfor f is

_ 98 ;08
wheee Ag is thecomplec CRBfor 6.

Given the channelmodelin (4), the following theoremprovides
the expressiorof the CRB asa function of pilot symbolsandtheir
placement.

Theorem 1 Undertheassumednodelin Sectior2.1andregularity
conditions[8, 9], the MSEof any channelestimatorh(y), defined
as

M(h) = E{[h(y) — h][h(y) — h)"}. 9)

satisfieghefollowinginequality
M(B) > A(P,s,) 2 G(-, G" BR,}G +piD) 'G", (10)

whee A(P, s,) is thecomple CRBandp2 = E{] 2122202},

From (10) we notethat, for the channelwith correlatedtaps,
the CRB for channekstimatorsgs afunctionof G, butindependent
of specificchannerealizations Furthermorefor fixed G, theCRB
is only a function of pilot symbolsandtheir placementP, which
malkesthe minimizationof CRB with respecto s, andP channel
independent.

2.2.2. ThePlacement

In this sectionwe optimizethe placemenby minimizingthe CRB.
Our objectieis to find P, ands,, , amongall orthogonapilot se-
quencessuchthatfor all P ands, satisfyingthe power constraint,

trA(Py,sp,) = min

P:SP:||SP||2:PU?)

trA(P,s,).  (11)

Givenn clustersof pilot symbols,asshavn in Figure 1, with the
placemenif the clustersspecifiedby P = (v, ), we have the
following theoremaboutthe optimalplacementor orthogonapilot
sequencedefinedin (7).



Theorem 2 AssumeP > 2L + 1. Amongall orthogonal pilot
sequences,e., {s, : Rs,isdiagonal}, the optimal placemenis
givenby
Pe={,¥): n>2 v1 =vny1=0; 71 =79 = L}(12)
Sp, = {sp:8p[t] =0,Vi€[1,LJU[P—-L+1,P]

R., = Pl }. (13)
TheminimumCRBis givenby
trA(Pa,sp,) = min trA(P,sp)
P,sp : HSPHZ :_P‘Ti’
R, diagonal
2
= 1% (14)

No2 + Po2 + pio2’

Proof: Referto [4].

Theorem?2 stateghat the optimal placemenbf orthogonalpi-
lot sequencesalls for settingzerosto symbolsat two endsof the
pacletandputtingotherpilotsin themiddlein suchaway thatthey
satisfythe orthogonalitycondition. For a sufficient numberof pilot
symbols,i.e., P > 2L + 1, Theoren? indicatesthat, for channels
with correlatedaps,again,concentratingll thedataandpilot pow-
ersin the midamblepositionsleadsto the minimum CRB. Notice
that althoughthereis no specificationof placementor thosemi-
damblepilots, aslong asthe orthogonalityconditionRs, = PoZI
is satisfiedjt is easietto meetthis requirementvhenmultiple clus-
tersareused.

In mary communicatiorsystemspilot symbolswith Constant
Moduluspropertyareused,i.e., |s,[i]|> = 02,4 = 1,---, P. Fol-
lowing Theorem2 and using the similar proof, we seethat, for
af, > o2, amongall orthogonalpilot sequencewith their place-
mentP, the optimal placementsregiven by placingall pilot sym-
bolsin the midamblepositions:

,P*={(V7’Y):V17V7L+1ZL}7 (15)
andtheminimumCRBis givenby
trA(P.,sp,) = min trA(P,sp)
P,sp: |Sp[i”2 = 0';2,’
R, diagonal
2
= 1%n (16)

(N — LYol + PoZ+ piol’

Notethatourresultsof optimalplacemenareconfinedn search-
ing amongall possibleorthogonalpilot sequenceslt doesnotim-
ply thatthis placemenminimizestr A (P, s,) for all choiceof pilot
sequenceslindeed,in generalthe placementhat gives the min-
imum ¢rA(P,s,) dependseaily on eachspecificrealizationof
pilot sequence.

3. PLACEMENT FOR CHANNELSTRACKING

3.1. Problem Statement
3.1.1. TheModel

Within onedatapaclet, thefrequenyg selectve fadingchannelwith
order L canbe modeledasan FIR filter with time-varying coefi-
cients:

L
gk = hililski +np,k=1,---, N+ P,

i=0

wherehy, = [h[0],- - -, hx[L]]” is thechannektatevectorattime
k. Elementsn h andn;, areindependentomple circular Gaus-
sianrandomvariableswith zeromeanandvariances? ando2, re-
spectvely. Notethat,asa specialcasewhenL = 0, we have the
Rayleighflat fadingmodel.

To characterizéhedynamicsof thechannelwe assume first-
orderGauss-Mar&v processandeachchanneltap fadesindepen-
dentlywith the samecorrelationcoeficient. Thereforefadingpro-
cesscanbeassumedsa vectorGauss-Marv model:

hy = ahp_1 + uy, a7
whereu, ~ CN(0,(1 — a®)o71) is the driving noisewith the
u;’s independentanda the correlationcoeficient that may vary
betweerzeroto oneaccordingo thefadingchannebandwidthf,,
(Dopplerspread).For transmissiorover bandwidthiW anddecor
relationlevel ¢ that definesthe coherencdime T.(= 1/ f), a is

determinedy afim = ¢ [7]. Finally, the datapower o is defined
the sameas before. We assumepilot symbolsto be of the same
enegy, i.e., |sp[i]|” = ap.

3.1.2. ThePlacemenbf Training

Sincethe channektatechange$rom symbolto symbol,it is fair to
confineplacementso the type of periodicalplacementvith equal
trainingclustersizesasshavn in Figure3. The placemenbf train-
ing canbe characterizedy period T, wherepilot clustersarein-
sertecatthebegginningof eachinterval of lengthT'. We assumeéhat
N = rP, wherer is aninteger Notethatl/r is theratio of pilot
to datasymbols.For fixedr, it is not hardto seethatgiventhe pe-
riod T, the pilot clustersize Pr is thengivenby Py = % Note
alsothatwhen Pr variesfrom 1 to P, theplacementhangedrom
singlepilot periodicalplacemento singleclusterplacement.

Pr PSfragreplacements
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Fig. 3: An inputsequencevith periodT

3.1.3. ChannelTradking Algorithms

The problemof channelrackinghasbeenwidely studied.Among
all lineartrackingalgorithmstheKalmanfilter haslongbeerknown
to be optimalin termsof minimizing the BayesianMSE for each
estimatorof channelstateh;. However, this algorithmneedsthe
knowledge of fading correlationcoeficient a, which may not be
availableat therecever end. On the otherhand,the Lease-Square
(LS) algorithmasa sub-optimabdeterministianethodrequiredittle
knowledgeof channelfading characteristicsWe considerboth of
themasoptimalandsub-optimahlgorithmsfor channetracking.

In this paper we areinterestedn optimizingthe placemenof
trainingusingabove two trackingalgorithms.The performanceri-
terionis the average(steady-stateMSE for oneperiodT’, defined
as

T
. 1 ~ 2
£(T) = lim — Z;E{thmi —hiryi| ) (18)
whereh;, i = 1,---, T is theith channektatevectorin the period

T. Ourobjectiveis to find anoptimalperiodT (therefore Pr) that
minimizesthe averageMSE of channelestimators

T. = arg mqi1n E(T). (19)



3.2. The Optimal Placement
3.2.1. RayleighFlat FadingChannels

We first optimize the placementfor channeltracking by the LS
method. For the placemenbf training asshavn in Figure 3 with
periodT’, we have thefollowing estimationprocedures:

1. Duringtrainingperiodwithin eachpilot cluster therecever
performsa LS estimatiorproceduregyielding

hipar = YL p 1 prg=o.1,... NFP

hiryr = ST k ,Pr;l=0,1,---, T 1.
(20)

wheres.” [k] is the kth pilot symbolsin thelth cluster

2. Duringdatatransmissiomperiod thereceverassume¢hesame

channelstateasthe last updatedestimatefrom the training
period,i.e.,

hirik = burypp, k=Pr+1,---,T.  (21)

We now optimizethe periodZ" by minimizing £(T"), andhave the
following theorem.

Theorem 3 For theRayleighflat fadingchannelmodelin (17)with
the LS channeltracking method,underthe assumptiorthat N =
rP,

1. £(T) monotonicallyincreaseswith T'.

2. Thesinglepilot periodicalplacements optimal,i.e.,

T.=14r, and Pp, =1. (22)
Theminimumé (T') is givenby
o2 2ro2 a 1l—a
E(T) = —+(1+ N az)[l_l—a —] (23)

Theorem3 indicatesthat for flat fading channels pilot sym-
bols shouldevenly scatterthroughthe paclet. This allows the re-
ceiverkeepaupdatingchannelnformationasfrequentlyaspossible
whichreduceghe performancealegradationto theminimum.

We next considerthe optimaltrackingmethod:the Kalmanfil-
ter. We assumehe fadingcorrelationcoeficienta is knovn. The
channelestimationis performedby the following two stepproce-
dure:

1. Duringtraining periodwithin eachpilot cluster therecever
usegheKalmanfilter updateyieldingthe MMSE updatefor

eachchannektate
o2(@*MT + k — 1]+ 02)
M[T+k]) = ~ u k=1,
[T +H] %+ (®M[IT + k — 1]+ 02)a}’
(24)
whereM[IT + k] is the MMSE for th+k basednall the
previousobserations.

2. During datatransmissiorperiod, the recever predictsthe
channelstatebasedon the last Kalmanfilter updatein the
training period

,T — Pr.

ﬁlT+PT+k = akﬁqu_pT, k=1,--- (25)

M (@8)

g 2

It canbeseerthat,althoughinitial value M [0] will affect M [k] for

thebeaginningupdatesafterseveralperiodsof iterationsthesystem
trackingprocedureesemblesteady-statprocess M[IT + Pr] can
thenbeviewedasconstanfor all , andwe denoteit asMp,. The
E(T) for periodT is thengivenby

2 2 2r_ T 2
o, a 1—artl o
E(T) = U — * _ M
(7) 1-a?)(r+1) 1 —a2 T (1—0,2 PT)
1 &z
— MT + k). 26
+Tk§=1 [T + k] (26)

Sinceit is difficult to obtainthe closedform for thetransientstate
of the Kalmanfilter MSE update ,we numericallycalculate& (T")
andcomparaet for differentperiodT'.

Numerical Result

Figure4 shaws thevariationof £(T') with training clustersize Py
at SNR= 10dBfor the Rayleighflat fadingchannebf differentcor
relationcoeficienta (thus, f,,,) undertheKalmanfilter(left) andLS
method(right) Transmissiorbandwidthi¥V = 10* Hz. Theratio of
pilot to datasymbols(1/r) is fixedat25% for total amountof 1000
symbolsin onepaclet. o = o = 1, thechannelariances 1. It
shouldbe notedthatfor somevaluesof 7', it might not be possible
to placetrainingperiodically we excludethesecasesandonly con-
siderthosepossiblevalues. Eachcurve correspondingo different
fadinglevel accordingto the channebandwidthf,, from 10Hzto
400Hz,which correspondindo channelchangeslow to fast. For
bothalgorithmswe seethat€ (T") monotonicallydecreasewith T,
the minimum £(T') is achi#edat Pr = 1 (' = 5). This numer
ical resultshavs thatthe singlepilot periodicalplacements again
optimal for the Kalmanfilter method. Furthermorethereis a sig-
nificantgainby placingtrainingoptimally, especiallywhenchannel
changeselatively slow. Ontheotherhand,for afixed £(T') level,
we comparedhe maximumallowable pilot clustersize underdif-
ferent f,,. It is shavn that bigger f,, (fastchanging)mandates
smallerpilot clustersizeandmorefrequenttraining, while smaller
fm (slow changinggllowslargerpilot clusterwith low trainingfre-

queng.

SNR=10, PIN=0.25, im=10 - 400Hz

SNR=10, PIN=0.25, im=10 - 400Hz

o Im=10Hz ; o

fm=50Hz D x
fm=100H| v o
fm=200Hj 3 o
4 +  im=400H +

m=10z

im=400H

20 a0 6 8 10 10 10 e 10 20 0 20 40 6 8 10 120 Lo 0 180 20
#0fpiots P, per period T #of pilots P per period T

Fig. 4: £(T) vs. pilot clustersize Pr for the Rayleighflat fading
T

channel.SNR = 10dB. P = 200, N = 800.
W = 10*Hz. Left: theKalmanfilter; Right: theLS
algorithm.

3.2.2. FrequencySelectivd-adingChannels

We next considetthe placemenof trainingfor trackingthe channel
with orderL. All channetapsareassumedo have the samecorre-
lation coeficienta. Assumingtherecever hasno knowledgeabout
a, for eachperiod,the channebtateis updatedusingthetrainingat



SNR=10, PIN=0.25, L=2, fm=25 - 4004z

thebegginningof the periodby the LS algorithm:

» - N+ P
th = [H(S;T)HH(S;T ] IH(SLT)HylP) l= 07 1) Tty -

T L

(27)
whereH (sL") is the pilot symbolmatrix of theith clusterandy,
is thereceved databasedn the pilot cluster;the channelestimate
fuT is usedfor the entirelth period. In this case the pilot cluster
sizeshouldbeno smallerthan2L + 1.

For the optimal tracking method, the vector Kalman filter is

usedduring training periods. The estimationprocedurds similar

EM (@8)

asin (24) and(25). Note thatin this case to conductthe Kalman Fig. 6: £(T) vs. Pr for thefrequeny selectve fadingchannel
filter updateof the channelthe minimum pilot clustersize should usingtheLS method.SNR = 20dB,W = 10°H z,
beL + 1. L=2.

Again,dueto thedifficulty of finding a closedform expression

of £(T'), numericalevaluationis usedto find optimalplacement. thatfor sufficientamountof pilot symbols,concentratéhe powers

in the midamblepositionsof the datapaclet leadsto the minimum
CRB. We thenconsideredhe problemof optimal pilot placement

Numerical Result for channeltracking. In theflat fadingscenariofrom both analyt-

Figure5 shaws the placementesultfor the Kalmanfilter. Theleft ical and numericalresults,it is shavn that single pilot periodical
of the Figuregivesthe £(T') vs. pilot clustersize Py for different placemenprovidesthe bestchannetrackingperformanceFor the
fm atSNR = 20dB. Thechannebrderis L = 3, and20% train- frequeny selectve channel,our numericalresultsshaws that the
ing in onepaclet. Fromthefigure, we seethatthe optimal cluster optimal pilot clustersizehasclosedconnectiorwith channelorder
sizeis Pr, = 7. We alsosearchedPr, for differentL, the re- L. Moreover, the percentagef training affectsthe choiceof the
sultsshav thatthe optimalsize Pr, is choserbetweertwo values: optimalclustersize.

Pr, € {2L + 1,2L + 2}. It appearghatfor the frequeng se-
lective channelwith low percentagef training,theoptimalcluster

sizeis connectedo L with pattern2L + 1 or 2L + 2. Theright S REFERENCES
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