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ABSTRACT

The problem of optimally placing pilot symbols for track-
ing frequency selective fading channels in an OFDM
system is considered. The time-varying channel is ap-
proximated as a Gauss-Markov process. The Kalman
filter, as the optimal tracking algorithm, is used for
updating channel states in frequency. For a fixed per-
centage of pilot symbols, assuming pilot clusters are
periodically sent through (L 4+ 1) OFDM subchannels
for training, we optimize the cluster size by minimizing
the maximum steady-state mean square error (MSE)
of the channel estimator. It is shown that single pilot
periodic placement achieves the minimum MSE.

1. INTRODUCTION

Modern wireless communications require high data rate
transmission over mobile channels. Multipath propa-
gation causes intersymbol interference (ISI). Orthog-
onal Frequency Division Multiplexing (OFDM) is an
attractive modulation technique to overcome the effect
of ISI for high data rate applications, such as Digital
Video Broadcast (DVB) and Digital Audio Broadcast
(DAB). In a mobile scenario, due to Doppler spread,
the channel is time-varying. Channel estimation over
time-varying channels becomes critical to achieve reli-
able communication. To facilitate channel state acqui-
sition, pilot symbols are usually inserted in the data
stream. However, inserting training reduces the infor-
mation transmission rate. Thus, a low percentage of
training for channel tracking is desired, and the place-
ment of these pilot symbols in the data stream for high
quality tracking performance becomes an important is-
sue. This paper focuses on the design of pilot symbol
placement for channel tracking in an OFDM system.
The optimized placement of training symbols has
been shown to enhance overall system performance from
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both information and estimation theoretical perspec-
tives [1, 4, 2, 8]. For OFDM systems, the optimal place-
ment of training for block fading channels are found for
maximizing channel capacity [1], and the placement of
superimposed training minimizing MSE of least-squares
channel estimator is obtained in [9]. In [8], the place-
ment of pilot symbols within an OFDM block is op-
timized with respect to the mean square error (MSE)
of the channel estimate for a time-invariant channel.
Based on this, two tracking schemes are then compared
for time-varying channels for different degrees of chan-
nel state variation.

The optimal placement gain is especially significant
for time-varying channels. In [3, 10, 7], pilot place-
ments in an infinite data stream are considered. [3] op-
timizes the placement by minimizing MSE of channel
estimators using two tracking algorithms. [10] obtains
the optimal spacing of pilots and power allocation at
high SNR by maximizing a lower bound on capacity.
In [7], the pilot symbols are inserted periodically and
the optimal spacing between symbols maximizing the
mutual information with binary input is calculated nu-
merically. In [5], optimal training placement in a finite
data packet is investigated to minimize the maximum
MSE of the MMSE channel estimator for Rayleigh fad-
ing channel.

In this paper, we investigate the pilot placement
for tracking frequency selective fading channels in an
OFDM system. The time-varying channel is approx-
imated as a Gauss-Markov process. We assume that
(L +1) OFDM subchannels are dedicated for training,
where pilot symbol clusters are periodically sent. For a
fixed percentage of pilots, the placement is character-
ized by the pilot cluster size. The Kalman Filter is used
as the optimal tracking algorithm for updating channel
states in frequency. We optimize the placement of pi-
lot symbols by minimizing the maximum steady-state
MSE of the channel estimator. It is shown that single
pilot periodic placement achieves the minimum MSE.



2. PROBLEM STATEMENT

2.1. OFDM system for fading channels
2.1.1. The OFDM system
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Fig. 1: A OFDM system

We consider an OFDM system with N subchannels.
The equivalent discrete-time baseband model is shown
in Figure 1. The incoming data stream {s}32, con-
sists of independent and identically distributed (i.i.d.)
symbols. The symbol stream is converted into blocks
of parallel symbols by the serial to parallel convert-
ers (S/P). Each of these OFDM blocks consists of N
symbols that are carried on N frequency subchannels,
respectively. These blocks are then transformed by an
N-point IFFT, and the cyclic prefix (CP) of length L
is appended to each of them. The newly formed blocks
are then converted into a single data stream by a paral-
lel to serial (P/S) converter, and transmitted over the
channel.

2.1.2. The fading channel model
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Fig. 2: A time-varying system model

We consider a slowly time-varying system shown
in Figure 2. The channel hy,, = [hy[0], -, hn[L]]t
is assumed to be a frequency selective Rayleigh fad-
ing channel with order L. We assume that the channel
taps {hm[l]}F, are i.i.d. Gaussian with zero mean and
variance 0,21. The additive white noise n,, is assumed
complex circular Gaussian and independent of h,,.

We assume that the channel fading is relatively slow
compared to the symbol rate, such that the channel

state remains unchanged over the duration of each OFDM

block, but changes from block to block. A first-order
Gauss-Markov model can adequately characterize the
dynamics of the slowly time-varying channel [11, 6]. We

consider the channel as the following first-order Gauss-
Markov process:

h,, =ah,;, 1 +u,;,, m=12--- 1)

where h,, ~ CN(0,011), and a is the fading correla-
tion coefficient that may vary between zero and one
according to the fading channel bandwidth f4, i.e.,
Doppler spread. For transmission over bandwidth W
and decorrelation level ¢ that defines the coherence
time T.(= 1/f4), a is determined by ats = ¢. Fi-
nally, u,, “&* CN (0,021) is the driving noise with
02 =(1-a?oi.

The system equation for each OFDM block can be
written as

Ym =Dnpspm +np,, m=1,2,... (2)

where s,,, ¥» and n,, are N-by-1 vectors representing
the m-th transmitted data block, received signal and
additive noise, respectively. D,,, = diag(dm 1, -+ ,dm,N)
is a N-by-N diagonal matrix, where dy, ,, is the OFDM
channel response of the n-th subchannel for the m-th
data block. In addition, dy,,, is the n-th Fourier coef-
ficient of the N-point FFT of the channel h,,:

dm,l

dm,2

d,, = =+vVNW_h,, (3)

dm,N

where W, is the truncated unitary FF'T matrix of size
N-by-(L+1), i.e., [Wrlns = &eqp(—2mn k1))

2.2. Pilot placement schemes

In an OFDM system, pilot symbols may be sent on se-
lected subchannels for channel estimation. For a time-
varying system, pilot symbols become especially im-
portant to achieve reliable transmission. Since high
information transmission rate mandates low percent-
age of training, pilot symbols are inserted periodically
in OFDM blocks to track the channel state. Our fi-
nal objective is then to find, among all such schemes, a
placement that optimizes the tracking performance.
We now formulate the problem of designing optimal
placement of pilot symbols. Let h be the channel esti-
mate, and the channel MSE is defined as E{||h—h]||?}.
In [8], for channel estimation within one OFDM block,
it is shown that in the absence of the noise, any (L + 1)
of the N subchannels can be used for training to re-
cover the channel h exactly; and in the presence of
noise, equally-spaced placement of the (L + 1) pilot
symbols is optimal, i.e., obtains the MMSE estimate of
the channel. Therefore, in considering the placement



schemes, we have the following assumptions

A1) The percentage of pilot symbols in the data stream,

denoted as 7, is fixed.
A2) Each OFDM block size N = k(L +1), k > 1.

A3) (L+1) out of N subchannels are selected period-
ically as training subchannels from the set {4, +
LLH,--- ,z+L+1} i=0,1,- "L+1 1. During
a training period, pilot symbols in each OFDM
block, denoted as sp.m = [$p,m[0]," -, $pm[L]]",
are sent over the selected (L + 1) training sub-
channels.

A4) Pilot symbols have equal power, i.e.,
o2, for any m and i.

|3p,m[i]|2 =

Since the channel state changes from block to block, we
consider the type of periodical placements with equal
training cluster size, as shown in Figure 3. Each column
represents an OFDM block. The black parts represent
pilot symbols. The placement of pilot symbols can be
characterized by the pilot cluster length r. For each
training subchannels, the pilot clusters are inserted at
the beginning of each transmission period of length T'.
For fixed pilot percentage 7, it is not hard to see that
given the pilot cluster r, the transmission period length
T is then given by T = % Note also that, when
r varies from 1 — 0o, the placement changes from the
single pilot periodical placement to single cluster place-
ment.
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Fig. 3: Input OFDM blocks with training period T'

2.3. Channel tracking via Kalman filtering

The problem of channel tracking has been widely stud-
ied. Among all linear tracking algorithms, the Kalman
filter has long been known to be optimal in terms of
minimizing the Bayesian MSE for each estimate of the
channel state. In this paper, we are interested in opti-
mizing the placement of pilot symbols under the Kalman

filter channel tracking algorithm. The performance cri-
terion is the steady-state maximum channel MSE dur-
ing one period T', defined as

E(r) = max, Jim B{||hyrir — irgel?} (4)

and our objective is to find the optimal pilot cluster size
r that minimizes the maximum MSE of the estimator
for OFDM channels

T« = argmin E(r). (5)

For the channel model we consider in (1), the time-
varying OFDM subchannels and the received data sat-
isfy the following state space model

d, = adp_1+Wruy, (6)
Ym = Spdp+ng,, m=12,--- (7)
where S,, = diag(s,,). The state space model for the
(L + 1) training subchannels is
adp,m_1 + WpLum7 (8)
m=1,2--- (9)

dp,m =

YIJ,m = sp:mdp’m + np,m;

where pilot matrix S, ,, = diag(s, m), and W, is the
matrix W, with selected rows according to the (L +1)
training subchannels. Note that by the equally-spaced
selection of training subchannels, we have W, LWfL =

.. .. A
LEl]  Therefore, the driving noise @, = WpLun,

is Gaussian with distribution CA/(0, £ 62I), and the
training subchannel d,, ,, ~ CN(0, LH o21). This im-
plies that the (L + 1) training subchannels are inde-
pendent parallel channels, and the tracking in these
channels can be performed individually.

Assume the fading correlation coefficient a is known.
Let {ng,n1,--- ,nr} be the index set of training sub-
channels. The channel tracking using Kalman filtering
is performed by the following two-step procedure:

1. During each training period, for the (L +1) train-
ing subchannels, the receiver uses the Kalman fil-
ter update, yielding the MMSE update for each
subchannel state

2( ZM(n)[lT+k_1] L+10121,)

M(ni) T
T+ k= 02 + (@2M®IIT + k — 1]+ Elo2)o2’
(10)
for k = 1,---,r, where M")[IT + k] is the

MMSE for the estimator of the n;-th training sub-
channel for the (IT'+ k)-th OFDM block based on

all the previous observations.

Denoting the channel estimator for the training
subchannels as d,, ;71 , the data subchannels can
then be estimated as

ad,lT-ﬁ-k = WdLW;Llap,zTJrk- (11)



fork =1,--- ,r, where Wy, is the matrix W, af-
ter deleting the (L + 1) selected rows correspond-
ing to the training subchannels.

It is not hard to see that the MSE of each data
subchannel MW[IT + k] (j ¢ {ni}L,) is equiv-
alent to the MSE of each training subchannel
M®I[IT + k] in (10).

2. During the data transmission period, the receiver
predicts the channel state based on the last Kalman
filter update in the training period

EllT+T+k = akfllT+r, k= ]., s ,T -7 (12)

From the relation between hyr and dp, j74, it follows
that £(r) in (4) can be rewritten as

£(r) = max lim E{||W, dpirx — W, dpirikl|’}

1<k<Tl—o0
= max, Jim E{||dpi14r — dparil[*} (13)
L
= max lim Y M®)[IT 4+ k]. (14)
1<k<T I—500 4

3. OPTIMAL PLACEMENT FOR
CHANNEL TRACKING

For the n;-th subchannel, the prediction MMSE during
the data transmission period is

MEIIT +r + k) = a®MPIIT +r+k— 1]+ L+l

u

T
Z

fork=1,---,T —r. (15)

=a®*M©™IIT +r

As we have mentioned in the last section, elements in
dp 7k are iid., and it follows that M™)[IT + 7] are
all equivalent for ¢ = 0,--- , L. Then, the steady-state
maximum MSE during one transmission period is

_ M (mo) (no)
E(r) = 11<nka<xT l_1)m (L+1)M (T+E=(L+1)M,

L+1 JL4i-Nn ([ 41 N
=(L+1) (Taz—(f Nn ( N of — M °)>>.
(16)

where M,g"‘)) = lim;_yoo M) [IT + k] is the steady-
state MSE of the ng-th subchannel over the k&th OFDM
block of a transmission period.

To obtain the steady-state MMSE MJ(W”O), we first
see that if we only send pilots on this subchannel, then
the channel state MSE under the Kalman filter con-
verges to the steady-sate MSE, denoted as M. Its

expression can be obtained from the standard steady-
state Ricatti equation. Now, let

5 = M — M. (17)

From (10), it can be shown that, during a training pe-
riod, i.e., 1<k <7,

&1 1.,
Opp1 = k. 18
= T @ (18)
where
2
a = %(1+((1—a2)L; on+a’ Mo )a—;’) (19)
o2 L+1 2
B = é(1+<(1—a2) N oh +a’ My )Gg) (20)

And, during a data transmission period, i.e., r < k <
T

Y

Spr1 = a*dp + (1 - a®) (L; 1‘7'% - Moo) - (21)

At steady-state, §, and & satisfy the following equality

(B
14422 (1- 1)
BTG 4 (1= o ) (ko - M)
(22)

Then, the steady-state expression for ér can be ob-
tained. Thus we obtain the expression for M, (r0) , and
therefore, £(r).

Our final goal is to find the optimal value r, such
that

,,.:

5T:a

ry = argmin &(r). (23)
T
We have the following theorem.

Theorem 1 Assume n is fized. For tracking the time-
varying channel modeled in (1) in an OFDM system
using the Kalman filter, the single pilot periodical place-
ment is optimal, i.e.

re = L (24)

L+1
T, = —— 2
o (25)

The minimum E(r) is given by

E(ry) = (L+1) (L+ 10’,% . (L]_\'/-_ ! H M(n°)>)

N
(26)

Theorem 1 indicates that sending pilot symbols fre-
quently through training subchannels is a better scheme
than sending larger pilot clusters with low training fre-
quency. The former gives better channel state tracking
performance. Furthermore, this optimality holds re-
gardless of the value of a, SNR and 7.



4. NUMERICAL RESULTS

We compared the estimation performance under differ-
ent pilot placement schemes. The channel with order
L = 4 is Gaussian with variance o7 = 1. The OFDM
block length N = 64. The percentage of pilot symbols
in the data stream is 6.25%. Figure 4 shows the maxi-
mum channel MSE vs. channel correlation coefficient a
at SNR = 30dB under different pilot cluster length r.
For a = 0 and a = 1, as we expected, there is no gain
given by the optimal placement. When a falls between
0 and 1, we observe that a significant gain of the track-
ing performance can be obtained by optimally placing
pilot clusters.

Figure 5 shows the variation of the maximum MSE
E(r) under SNR. We chose a = 0.95 (for bandwidths
in the range of 10kHz and Doppler spread of order
100Hz [7] ). Again, we see that a large gain is obtained
under the optimal placement.
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Fig. 4: £(r) vs. a under different r. N =64, L = 4.
SNR = 30dB, n = 6.25%.

Steady-state max MSE vs. SNR (L=7,n=6.25%)
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Fig. 5: £(r) vs. SNR under different r. N = 64,
L=4.a=0.951=625%.

5. CONCLUSION

In this paper, we considered the problem of optimal
placement of pilot symbols for tracking fading channels
in an OFDM system. The first-order Gauss-Markov
model is used to represent the dynamics of the fading
channel. We choose (L + 1) equally-spaced subchan-
nels for training. Pilot symbols are sent through these
training subchannels periodically. Under the Kalman
filter update, we obtain the steady-state MSE of the
OFDM subchannels during the training period. It is
then shown that the optimal placement is to send a
single pilot periodically on each training channel. This
allows for better tracking of the channel state varia-
tion.
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