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Signal Parameter Estimation via the
Cayley—Hamilton Constraint
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Abstract—The estimation of signal parameters via rotational in- Il. PROBLEM FORMULATION
variance tachnique (ESPRIT) algorithm has proved to be a robust . . .
solution to exploit single invariance structure in array elements. Consider the reception of a narrowband signal vestor €

However, ESPRIT is not flexible to incorporate multiple invari- € atan array of\f sensors. The measured data at the sensors is
ances. A closed form solution to the problem of estimating eigen- to be used to estimate the DOA of each of éteources. The re-

values in multiple invariant structures is presented in this paper. It sponse atthe sensor array representediye CMis given by
is shown that the algorithm is comparable in complexity to ESPRIT

but performs better than ESPRIT, especially when only a limited z(t) = Gs(t) +n(t), G=][ab1) --- a(by)] (1)
number of signal samples are available. In addition, the algorithm
is shown to be feasible even for single array elements sharing mul- wherea(#) is the array response vector to a unit amplitude nar-
tiple invariance. rowband signal in the directioff, andn(#) is additive white

Index Terms—Estimation of signal parameters via rotational Gaussian noise. In this paper, we assume a uniformly spaced
invariance tachnique (ESPRIT), multiple invariance, signal linear array although the proposed algorithm can be extended to
parameter estimation via Cayley—Hamilton constraint (SPECC), a more general setting [3].
subspace methods. Consider selection matricds, Jy, . .., J, of sizem x M. As

in [2], the selection matrices each piekout of theM sensorsin
|. INTRODUCTION the uniform linear array and introduce the following rotational

L . ) i i invariance structure
HE estimation of signal parameters via rotational invari-

ance tachnique (ESPRIT) [1] algorithm has proved to be JoG=A, J.G=A% IJ,G=A%" (2)

a powerful technique for the estimation of unknown parameters . . . L
by exploitation of the rotational invariance property in the eigehi€re:® is @ unitary diagonal matrix with diagonal elemenis
structure of the measured data. Originally developed for tA
estimation of the directions-of-arrivals (DOAs), ESPRIT finds ¢i = exp{—j2rAsin(6;)/A}, i=1
widespread applications in radar, sonar, global positioning sys- ' '
tems (GPS), wireless communications, and even image analysgere is the wavelength andh ~ X is the spacing between
Conventionally, ESPRIT obtains closed-form estimates of ti@ray elements. ESPRIT exploits this structurefor 1, and
DOAs of narrowband signals and results in robust performanggtimatesp;, based on which, the DOA% can be estimated.
by exploiting single invariance structures. Unfortunately, ES-he complex vector spact™! of the received signai(t) needs
PRIT is not flexible enough to incorporate multiple invariance’® be separated into the signal and noise subspaces which are
in the data. In [2], Swindlehursit al. proposed the multiple orthogonal to each o_ther. This is accqmplished I_Jy considering
invariance ESPRIT (MI-ESPRIT), which provided better estt€ €igen-decomposition of the covariance maRix; of the
mates. The main drawback of MI-ESPRIT is that the algorithf#Cc€ived signal. We have
invoIve'-s a multidimensional minimization. Ry = Elz(t)z" (t)] = GRssG + 021 (4)

In this paper, we state and prove a theorem based on the
Cayley—Hamilton theorem for square matrices and propostaeres? is the noise variance. We assume that the covariance
an algorithm for parameter estimation based on this resuhatrix Rss of the signal vector is of full rank (no fully cor-
Referred to as the signal parameter estimation via Caylefglated signals) and the columns@fare linearly independent.
Hamilton constraint (SPECC), our algorithm provides a closedhe eigen-decomposition of the covariance matrix results in
form estimation that exploits multiple invariance structures. Ry, = USUH = UssU g +o?UNUH ®)

jven by
eeesd 3)

whereUg = [e; -+ eq], Uy = [eqq1 -+ en]representthe
signal space and noise space, respectively. Subspace techniques

Manuscript received November 23, 2000. The associate editor coordinatge based on the observation thagin{Us} = span{G}. This

the review of this manuscript and approving it for publication was Prof. Y. Huamplies the existence of @ x d full rank matrix T, satisfying

This work was supported in part by the National Science Foundation under C _ ; ;
tract CCR-9804019 and by the Multidisciplinary University Research it s = GT- The signal subspace corresponding to the subarrays

(MURI) under the Office of Naval Research Contract N00014-00-1-0564. are defined by{U; = J;Us,i = 0, ..., p}. The subspaces are
The authors are with the School of Electrical Engineering, Cornell Universityelated as

Ithaca, NY 14853 USA (e-mail: hande@ee.cornell.edu; ltong@ee.cornell.edu). . .
Publisher Item Identifier S 1070-9908(01)02794-8. U; =A®'T=B¥", {=0,...,p (6)

1070-9908/01$10.00 © 2001 IEEE



HANDE AND TONG: SIGNAL PARAMETER ESTIMATION 111

whereB = AT and® = T—'®T. In the presence of noise holds. The invertibilty ofB is not required. It suffices to
and a finite data set, we can only obtain estimdtesof U;, have the row space @ orthogonal to no eigen-vectors
and the multiple invariance problem translates to of ¥, which translates to the no zero column condition on
. BM.
Uo B 3) This implies that the theorem holds even when the rank
min U, _ B_‘I’ @) of the matrixB is less thand, the number of sources.
T.B : : This removes the ESPRIT restriction that the invariance
fjp Bw? P be present among at leassubarray elements and makes

it possible to exploit invariances even among subarrays
where the notatiof}- || - indicates Frobenius norm. The problem with single elements.
here is to obtain estimates of the eigenvalue® pivhich are the . — 54 pyiog :
diagonal elements 6b. Whenp = 1, the problem reduces to minirzirggrf.o;_?:lfcgf)\\/\)/e ha\%mo biX'. Since{ac, .. aa} is @
ESPRIT, and the single invariance structure can be exploited by
a least squares approach [1] or a total least squares approach [4] llaoUo + a1 U + -+ + agUgq||
to estimate the eigenvalues¥f. However, for multiple invari- < AbeUn st b Us 4o ee 4 b U _0
ance, no closed form solution exists and the proposed algorithm < [[boUo + 51Uy + -+ + baUallr =

in [2] is to perform a Newton search with the single invariance . . : i
ESPRIT solution as the starting point. where the equality follows from (9). Since the norm is nonneg

ative, we have

I1l. THE CAYLEY —HAMILTON CONSTRAINT laoUq + a1 Uy + - + aqUd4||

An alternate solution to the problemis proposed in this section =||aoB+ a;B® +--- + aqu;dH -0
by reposing the problem in a different way. The solution is based
onthe following observation. Le{\) = Ef:o b; A" bethechar- which implies
acteristic polynomial of thé x d square matrix¥. The Cayley—
Hamilton theorem enforces the following constraint®n B(aoly + a1® + - - + ag¥%) = 0. (11)

p(®) = boly + 01 P + - +ba¥¢ =0 (8)  If Bis invertible, it immediately follows that()) is an an-
nihilating polynomial of¥. An annihilating polynomial of a
square matrix is simply a polynomial that reduces the matrix to
zero ([5], p. 221). It can be shown that the invertibility condition
boUq + -+ bUy = 0. 9) is not a requirement. To see that, diagonallzan (11) to obtain

wherel,; is the identity matrix of sizel. This, along with (6),
translates to the following constraint on the signal space

Since the eigenvalues @& can be obtained as roots of)\) if BM(aoly + @D + --- + agDY)M ™ = 0.
the coefficients{;,7 = 0,...,d} are known, it remains to be ) ] )
shown that giverlJ;, the characteristic polynomial is uniquelySinceM is full rank, we can write this as
determined from (9). .

Theorem 1:Let U;, B and® be defined as in (6). Lat()) BMD =0
be the characteristic polynomial &. Let Z(g) be the nota- . 0 )
tion to denote the set of roots of a polynomiéh). So the set WhereD = (aola +- ;D + --- 4 agD) is also diagonal. If

Z(p) = {A1,..., A} is the set of eigenvalues & . Consider BM = [c; --- ¢4l and{g;,i = 1,...,d} are the diagonal
the minimization elements oD, then we have

{a;} =arg min |JaUo+ -+ agUy||F- (20) [Prer -+ Paca] =0 (12)
21

@, ay=

o which indicates that if none of the columns BiM are zero,
Leta(\) = ap + aiA + - - - + agA?. Assume that® is diagno- then we have

lizable as® = MDM ™. If in addition, ¥ has distinct eigen-
values andBM has no zero columns, thedip) = Z(a). D = (aly + D+ -+ ayD%) = 0. (13)

Remarks:

1) The conditiony_ o? = 1 is required to avoid the trivial From this, we conclude tha{ \) is an annihilating polynomial
solutiona; = 0 to the minimization problem. It can beof ¥. Since¥ has distinct eigenvalueg()) is the minimal
replaced by other similar conditions without affecting theolynomial of ¥ where the minimal polynomial is defined as
conclusions of the theorem since we are concerned abthe# annihilating polynomial of minimal degree. Notice that the
the roots of the polynomial rather than the polynomiatharacteristic polynomial is also an annihilating polynomial of
coefficients. the matrix. Also notice that(A) is of the same degree as the

2) Z(p) = Z(a) tells us that (9) implies (8). This can becharacteristic polynomial(A). Since the minimal polynomial
expected to be true B is invertible. However, the the- is unique (p. 240, [5]), it follows that(A) andp(\) are the same
orem presents a much weaker condition under which thip to a constant. This concludes the proof of the theorernl
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IV. SPECC AGORITHM AND RESULTS e

T,
—*~ ESPRIT
—+ SPECC

A description of the SPECC algorithm based on the theore
just stated is provided in this section. We solve for the followiny :
minimization: 0 h s N

{ao,...,aq} = min [lagUo+ -+ agUdllr. (14)
{a07"'7ad} [
%)10 g
The minimization leads to a unique solution up to a constar™
The roots of the resulting polynomia{z) = ap + a;z +-- -+
aqz® represented by¢;,i = 1,...,d} are approximations to
{¢:,i = 1,...,d}, the eigenvalues oP. The DOAs{#;} can
be estimated now just as in the ESPRIT case. Note that (1
involves minimization of a term quadratic in the parameter: : : : .
and can be accomplished by a singular value decompositi 12! s i - i s
(SVD). The polynomial rooting involved in the SPECC algo- SNRindB
rithm suggests similarities to the root-MUSIC algorithm. How-_
ever, SPECC exploits a structure similar to the one that ESPI‘{%%‘E)
exploits and provides a solution comparable in complexity to
the ESPRIT algorithm.

Before we compare SPECC with ESPRIT, it would be pru "
dent to list the possible advantages and disadvantages. The )
vantage of SPECC is its ability to exploit multiple invariances
In addition, SPECC can exploit invariances even among sing
element subarrays whereas ESPRIT demands atlesshents
in the two subarrays that share the invariance. A possible dise
vantage is that SPECC assumes the availabilityiofariances. —~,
If the subarrays are constructed in such a way that there is o1
a single invariance, SPECC can not be applied. z

To compare the two, we assumed an arrajybf= 12 eq-
uispaced sensor elements. Two sourees=(2) atf; = 10°
andf, = 13 were assumed. The array elements were assum
to be separated b\ = \/2. Labeling the array elements as
{1,2,3...,12}, we exploit the following invariance in the two
algorithms. , . -

« ESPRIT:{1,2,...,11} and{2,3,...,12}. R Sapshats 0@
« SPECC{1,2,3,4}, {5,6,7,8}, {9,10,11,12}.
The invariance structure exploited for ESPRIT is the one Wiﬁﬁ%pszhot;m:mffgfago]OfsﬁEE:Cg o ESPRIT for different number of
the best performance among the structures considered in [2]. '

Fig. 1 shows a comparison of the two schemes by plotting
the root mean square values for each source against SNR. The V. CONCLUSION
?cln\lul::c;v: 'I(';ggilgrirpljritsh:n:j\?aes Ztcﬁ:(l:)r;/ Sgna; diﬁr?getgtndslilzg Al rotational invariance in an array structure has been ex-

. . o fted by invoking a linear constraint on the subspaces in the
of the received signal at each array element. The estimationgof ¢ Cayley—Hamilton theorem. It is shown that the con-
é i

107'E

Comparison of SPECC with ESPRIT: Plot of root mean square error
for directions in degrees against SNR= [10°\13°], ten snapshots.

10 Fo--

the signal subspaces can be expected to be quite inaccurate int leads to a closed form algorithm to exploit multiple in-

just ten snapshot; of ?aCh signal. The pIotshoyvs thatSPEC driance for estimation of parameters. Although SPECC has
more robust against inaccurate subspace estimation compq{ggi formulated for the DOA estimation problem in this paper,

to ESPRIT. The effect is pronounced at low SNRs and bringtsapplies to a broader class of problems. Specifically, the tech-

out limitations of the ESPRIT algorlt_hm. : nigue can be applied to estimate the eigenvalue® éfom an
As the number of snapshots considered increases, better ;Hf}

formance can be expected by the ESPRIT algorithm. Fig. ariant structure of the kind

shows comparison of the two algorithms for different numbers U, = BoF (15)

of snapshots. The simulation was done at an SNR of 0 dB. Only

with an increased number of snapshots does the performandeere{k, k2, . . .} are positive integers that satisfy certain con-
of ESPRIT approach that of SPECC. A detailed comparison iditions. The robustness of SPECC makes it particularly attrac-
cluding comparisons with the MI-ESPRIT algorithm is availtive to those applications where there is a large number of in-
able at [6]. variances but only a small number of samples (snapshots) avail-
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