Channel Estimation for Frequency Hopping Systems via

Multiple Invariances

Prashanth Hande

Lang Tong

Ananthram Swami

School of Electrical Engineering School of Electrical Engineering Army Research Laboratory

Cornell University
Ithaca, NY 14853
hande@ee.cornell.edu

Abstract— The problem of channel estimation for a fre-
quency hopping system is considered in this paper. Un-
der a discrete multipath fading model, the path gains
and delays are estimated separately. By exploiting fixed
(but unknown) patterns in the data packet, the delay es-
timation problem is formulated in an ESPRIT-like for-
mat by identifying multiple rotational invariance struc-
tures in the received data. Since ESPRIT is limited to
exploitation of single invariance, the recently proposed
SPECC algorithm is employed for the multipath delay
estimation. Performance results based on simulations
are presented.

I. INTRODUCTION

Interest in spread spectrum communication has been
phenomenal over the past several years. One particular
spread spectrum scheme that has generated much inter-
est in the communications community is the code divi-
sion multiple access (CDMA) scheme which manifests in
most discussions in the form of either direct sequence
(DS)-CDMA or frequency hopping (FH)-CDMA. FH
has been extensively studied as a spread spectrum tech-
nique for interference avoidance as opposed to inter-
ference attenuation achieved by other spread spectrum
techniques [1].

A conventional receiver in an FH system conceptually
consists of a bank of filters arranged so that each filter in
the bank is responsible for a portion of the total band-
width [2]. Acquisition, the process of achieving time
synchronization, has been the main focus of receiver
design for many of the frequency hopping systems [3],
[4], [5] with the matched filter or the decorrelator being
the usual detection schemes. However, this approach is
neither optimal nor does it exploit the diversity inherent
in multipath reception of the FH signal. Convention-
ally, FH systems are considered narrow-band and the so
called flat-fading model is invoked thereby ignoring the
effect of the multipath delays to a considerable extent.

This work was supported in part by the National Science Foun-
dation under contract CCR-9804019 and by the Multidisciplinary
University Research Initiative (MURI) under the Office of Naval
Research contract N00014-00-1-0564.

Cornell University
Ithaca, NY 14853
Itong@ee.cornell.edu

2800 Powder Mill Rd.
Adelphi, MD 20783
aswami@arl.army.mil

In general, optimal detection requires the estimation
of channel parameters: the delays and amplitudes as-
sociated with each multipath. The characterization of
a signal as narrow-band is channel dependent and de-
pends upon the coherence bandwidth of the channel.
It was shown in [11], [6] that the flat-fading model is
not valid for an FH system with bandwidth comparable
to the coherence bandwidth of the multipath channel.
Thus estimation of delays assumes significance. An esti-
mation algorithm based on the well known ESPRIT [10]
algorithm was developed in [6] and was shown to pro-
vide robust estimates of the delays. Unfortunately, the
ESPRIT algorithm exploits only single invariance struc-
tures in the data. An algorithm similar to but more
general than the ESPRIT algorithm is presented in this
paper. The capability of this algorithm to exploit mul-
tiple invariances will be harnessed to obtain better es-
timates of the delays in a frequency hopping system.

II. MULTIPATH DELAY ESTIMATION

In this paper, we consider the baseband model of the
FH received signal in a multipath environment of the
form

P
Yy (t) = 3 B Tig(t = 7isba) + 0™ () (1)

i=1

where y(™(t) is the received signal in the nth hop,
fn the frequency in the mth hop, and b, the vector
of transmitted bits. The transmitted baseband signal
sn(t, by,) is distorted by multipath fading with unknown
amplitudes §; and delays 7;, and white Gaussian noise
w™ (t). We assume that 7; is sufficiently large so that
the flat fading model is no longer accurate [11].

An optimal scheme (not in the sense of minimum er-
ror probability) at the receiver for any channel would
be maximum likelihood (ML) detection, which performs



the following minimization:

P
e(bn, Bi,mi) = y™(t) = Bie T Tis(t — 75 by)
=1
A~ T
(b} = ag min [ le(bn sl (2)
bn, 8,7 0

where T}, is the hop period, and {f)n} are estimates of
the transmitted bits in the nth hop. This minimization
is difficult to accomplish particularly due to the non-
linear dependence of the received signal on the delay
parameters 7;. However, the ML-minimization problem
becomes tractable if the delays 7; are assumed known.
Since the dependence on the channel gain parameters
{6} is linear, the minimization over {3;} and b,, can be
separated. This motivates us to seek robust algorithms
for the estimation of the delay parameters.

The following assumptions are made throughout the
paper:
Al. 1;’s remain constant or vary slowly.
Notice that the channel itself is frequency selective but
that does not prevent us from assuming that the delays
remain constant over a range of frequencies. Frequency
selectivity results from the fact that these delays are
large and is only worsened if the delays change with
frequency.
A2. Frequency hops from packet to packet.
We assume slow frequency hopping (SFH) and further
assume that the frequency does not change within a
packet. Commercial use of FH demands that the re-
ceiver have a simple structure, and this prohibits fre-
quency changes within a packet.
A3. A string of K' symbols remains constant for all
packets.
This string of symbols may be the header (or midamble)
of the packet that contains address bits or could even be
just sync bits. This can be expected to remain the same
for consecutive packets. For example, the Bluetooth
standard [8] employs SFH and specifies the use of 72 bits
as access code and 54 bits as header information in each
packet. The access code is used for synchronization and
is the same for all packets originating in the same group.
The header consists of the member address, link flow
bits, and other control information. Another example
is the SFH based PCS system described in [7] which has
a total of 16 QPSK symbols or 32 bits in each packet
as sync and guard bits.

III. MULTIPLE INVARIANCE STRUCTURE

The problem of finding the delays {7;} will be cast in
the multiple invariance [13] format in this section. The

sampled version of (1) can be written as

P
y "M (RT) =) Bie "I Tis(kT — 755b,) + 0™ (KT),
=1
(3)

where T is the sampling period. We now restrict our-
selves to the set of samples that correspond to the string
of symbols that remain constant for all hops. The dis-
crete time version of the received signal can be written
as

P

yM[k] = Zﬁie_ﬂ”f"”si[k] +w ™k, k=1,2,--- K
i=1

(4)

where s;[k] correspond to the transmitted signal that is
delayed by 7; and is constant throughout all hops. We
make the following remarks about the above model:

1. By restricting to the part of data that are constant
among all hops, the signal samples s;[k] no longer de-
pend on n. However, s;[k] are still unknown even if the
string of symbols is known because they are functions
of the unknown delays.

2. The model in (3) is almost identical to the well
known directions-of-arrival (DoA) estimation problem
in array processing. Here, the hop index n would corre-
spond to the sensor index in DoA estimation. What is
different in our formulation is that n varies with time,
which corresponds to the DoA estimation problem with
a varying number of sensors.

Suppose that we collect data from a number of hops,
and partition the frequencies of the received packets
into M + 1 subsets {Fo,---,Fm}, each with N ele-
ments. In particular, 7; = {fi1,-- -, fin}. Assume also
that the partition is such that

Joi=fri+ Ay =fai + 285 = - = fui + MA;. (5)

In other words, frequency sets F; and F;y; differ by
a constant Ay. Note that this does not preclude the
possibility of some frequencies occurring in more than
one set. The proposed estimation algorithm applies also
to other types of partitions.

Within the frequency set F; = {fi1,---
be obtained at the n;;th hop. Define

fin'}, let fi

vilk] £ [OOR], - y™IET, (6)
Y = [yill],wilK], (7)
x[k] 2 [Bisilkl,--- , Bpsplk])7, (8)
X 2 [l x[K]). 9)



With w;[k] and W; similarly defined for the noise, we
have the following multiple invariance structures
Y, =
Y,

AX + W,
ADX + W,

Yy = AMX 4+ Wy,
where
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(11)
It is worthwhile noting that ® is a diagonal matrix and
the only unknown parameters in the diagonal elements
are the delays. We arrived at this particular structure
by imposing condition (5).

The task now is to estimate ® assuming that data
matrices Yo, -+, Y are the only measurements avail-
able. This is accomplished by separating the complex
vector space to which the received signals belong into
orthogonal subspaces, the signal and noise spaces. De-
fineY 2 [YT |---| YT©
R, is given by

diag{e ,€

. The auto-correlation matrix

Roo Rom

R,, = E[YYH] = : + 071,
Rmo Rym
where o is the noise variance. Here R;; represents the
correlation between data from F; and that from F;. In
particular, we have
Ri; = E[Y; Y] = A®'R,,(®")7 A", (12)
where R;; = XX, which is assumed to be full column
rank. This translates to the condition that the various
delayed versions of the signal are not fully correlated.
The signal and noise subspace separation is achieved
by considering the eigen-decomposition of R, as
R,, = U,Z,UY 4+ 4*U, U, (13)
where Uy = [uy]---|up] and U,, = [up41]|-- - |un] rep-
resent the signal and noise subspaces respectively. Note
that the signal space is represented by the eigenvectors
corresponding to the P largest eigenvalues of the co-
variance matrix, while the noise space is represented by
the rest. The signal space corresponding to each data

set can be obtained by splitting the signal space matrix
U, as

Up
U, = ) (14)

Unm
where {Ug, - ,Up} are N x P unitary matrices rep-
resenting the signal subspaces of the data from the
collection of frequency sets {Fo, - ,Far} respectively.
With the covariance matrices related as in (12), the
unitary matrices {Up,--- ,Ups} all represent the same

subspace, and this subspace is well known to be the
same as span{A} [9]. This implies the existence of a
P x P full rank matrix T satisfying

Uy = AT, U; = A3T, ---, Uy =AMT. (15)
Defining B = AT and ¥ = T '®T, the structure can
be rewritten as

Uy =B, U; =BY, ---, Uy =BIM, (16)

The matrix ® can be estimated if {Ug,---,Up} are
known. In practice, the presence of noise and only a
finite data set implies that only estimates of the signal
subspaces {Uy,---, Uy} are available. The search for
the true ® now assumes the form

Uy AT
® = arg @r&lf’lr k - : (17)
| Uy | | ADMT
An equivalent representation is
[ U, ] [ B
¥ =arg 111311‘51 K - : (18)
| Uy | | BEM

Note that the eigenvalues of ¥ are the diagonal elements
of .

When M = 1, the above structure reduces to the ES-
PRIT format and closed-form estimates of the delays
can be obtained [6]. In general, the structure described
above is in the multiple invariance format and can be
solved by invoking the multiple invariance ESPRIT(MI-
ESPRIT) scheme [13]. Unfortunately, the solution in-
volves a multidimensional search for the minimizer as
opposed to the closed-form ESPRIT solution.

Conventionally, the ESPRIT solution is considered
to be a closed-form solution despite the fact that it re-
quires computation of the eigenvalues of a matrix. The
SPECC algorithm proposed in [12] exploits the multi-
invariance in an alternate form to obtain a closed-form



solution for the diagonal elements of ®. The algorithm
is closed-form in the same sense as the ESPRIT algo-
rithm and involves a search for the roots of a polyno-
mial. We exploit this algorithm for the delay estimation
problem.

IV. SPECC BASED DELAY ESTIMATION

The SPECC algorithm was based on the following
observation. Let p(\) = Ef:o b; A be the characteristic
polynomial of the P x P square matrix ¥. The Cayley-
Hamilton theorem enforces the following constraint on
¥ [14]:

where Ip is the identity matrix of size P. This, along
with (16), translates to the following constraint on the
signal space:

boUp+...+bpUp =0. (20)

The eigenvalues of ¥ can be obtained as roots of p(\)
if the coefficients {b;, i = 0,..., P} are known. It was
shown in [12] that given Uj;, the characteristic poly-
nomial is uniquely determined from (20) through the
following theorem.

Theorem 1: Let U;, B and ¥ be as defined above.
Let p(\) be the characteristic polynomial of ¥. Let
Z(g) denote the set of roots of a polynomial g(X). So
the set Z(p) = {A1,... ,Ap} is the set of eigenvalues of
¥. Consider the minimization

{a;} =arg min (21)

i,y o=

. lagUg + ...+ apUp||F.

Let a(\) = ag + a1A + ...+ apAP. Then we have the
following
1. If B is full column rank, Z(p) C Z(a).
2. If ¥ is diagonalizable as ¥ = MDM ! and BM has
no zero columns, then Z(p) C Z(a).
3. If ¥ has distinct eigenvalues and BM has no zero
columns, then Z(p) = Z(a). O
Since the delays we intend to estimate are assumed
distinct, the roots of the polynomial a(\) are precisely
the eigenvalues of ¥, from which the delays can be es-
timated. Note that if ¥ is diagonalizable, then the full
rank condition on B can be relaxed. It suffices to have
the row space of B orthogonal to no eigenvectors of ¥,
which translates to the no zero column condition on
BM. Since the ¥ matrix for the estimation problem
turns out to be diagonalizable with M = T—1, this re-
moves the ESPRIT restriction that the invariance be
present among at least P data packets in each set and
makes it possible to exploit invariances even among data
sets with just one packet.

A more general version of the SPECC algorithm has
been developed in [15]. Consider a partition of received
frequencies into subsets such that the resulting data
samples have the following structure

Yy, = ANX 4+ W, i=0,1,---,M. (22
We assume that k; € Z7, the set of non-negative inte-
gers. Following the same development as in section III,
the signal subspaces, Uy, corresponding to the data sets

Y, are related as

Uy, = AdMT =BU%, i=0,--- M, (23)
where T, B and ¥ are again as defined in section III.
The task now is to estimate the eigenvalues of ¥ as-
suming that the signal subspaces are known. This was
shown to be possible in [15] whenever the k;’s are dis-
tinct and larger than P + 1 in number. In other words,
distinct invariances greater than P in number can be
exploited to obtain delay estimates. The delay estima-
tion algorithm based on SPECC is presented in the next

section.

V. THE DELAY ESTIMATION ALGORITHM

Consider a partition of the frequencies of the received

packets into subsets [{foi},{frsi}> s {frmi}}], such
that

foi = frii +k1Af = froi + koAp = = frpi F kuAy

which is a generalization of (5). Since the frequencies
of the received packets are randomly distributed, the
choice of {k;} dictates the minimum number of packets
that have to be received before we can form the subsets
of frequencies with the above structure. The data sam-
ples corresponding to the frequencies in each set share
the rotational invariance structure shown in (22). An
estimate of the auto-covariance of the received data is
obtained as

A 1
Ry, = =YY",

- (24)

where Y = [Yo [ Yk, |---| Yiy]". The signal subspace
estimates {Uy,,i = 0,---, M} can be obtained by con-
sidering the eigen-decomposition of Ryy as before.
Consider the minimization
min
Qg seee s Qe gy

{aki} = arg }”akofjko + “‘+akMUkM||F7(25)
subject to the normalization constraint. Note that the
structure we constructed has kg = 0. Obtain roots of
the polynomial a(x) = ag,z* +- - -+ ag,,z*. The esti-
mates {A;,i = 1,---, P} of the eigenvalues of ¥ are the
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Fig. 1. Comparison of the MSE for SPECC and TLS-ESPRIT,
delays: T = [1.8 4.3 9.0]us.

P roots nearest to the unit circle. The delay parameters
are estimated as

7 =InX;/(2rAf). (26)
Note that the minimization is quadratic in nature and
hence has a unique solution that can be obtained by
computing the singular value decomposition (SVD) of
the appropriate matrix. The particular case {M =
P,kg =0,--- ,kp = P} corresponds to the stated the-
orem. In this case, the polynomial a(z) is an estimate
of the characteristic polynomial of ¥, and hence the P
roots are the required eigenvalue estimates.

VI. SIMULATION RESULTS

The results in this section are presented by compar-
ing the performance of the SPECC algorithm with that
of the ESPRIT. The scenario considered is similar to
the one considered for ESPRIT performance evaluation
in [6]. Transmission was supposed to occur in the fre-
quency range 1899—1929 MHz and a QPSK modulation
scheme achieving a bit rate of 500 Kbps was assumed.
A symbol period of T' = 4us was assumed and delays
were assumed to be significant compared to the symbol
period. In particular, the delay profile was assumed to
be T = [1.8, 4.3, 9.0]us. The assumption of 3 multi-
paths is for the sake of convenience; results tend to be
identical for larger number of multipaths.

Twenty packets were assumed available at the re-
ceiver. We assume that the hop frequencies in these
packets have a uniform linear arrangement. This
amounts to assuming that the hop frequencies form an
arithmetic series so that as many as 19 packets are made
available to each data set in the ESPRIT formulation.
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Fig. 2. Normalized MSE plot for SPECC and TLS-ESPRIT vs.

number of header symbols, delays: T =[ 1.8 4.3 9.0Jus, SNR
= 30dB.

With P = 3 multipaths, the SPECC algorithm needs
a minimum of P + 1 = 4 data sets and hence the 20
available packets are divided into 4 sets consisting of
5 packets each. Labeling the available hop frequencies
as {1,2,---,20}, the data sets considered for the two
algorithms are

o ESPRIT: {1,2,---,19}, {2,3,---,20}

« SPECC: {1 -5}, {6 — 10}, {11 — 15}, {16 — 20}
This structure results in {ko = 0,k1 = 1,k2 = 2,ks =
3}. Note that the uniform linear variation is a highly
unrealistic situation and is being considered only to fa-
vor the ESPRIT estimation algorithm. In practice, the
situation is more complicated and the estimation is pos-
sible only after the receiver has accumulated a sufficient
number of packets with the above structure. The header
part in each packet was assumed to consist of 8 symbols.

A comparison of the behavior of the normalized mean
square against SNR for the SPECC and total-least-
squares ESPRIT (TLS-ESPRIT) algorithms is shown
in Fig. 1. The MSE is calculated for the delays ex-
pressed as a fraction of the symbol period and is hence
termed normalized. The SPECC algorithm clearly out-
performs the TLS-ESPRIT algorithm in estimating the
channel parameters. The MSE achieved by the SPECC
algorithm is considerably lower than that of the ES-
PRIT algorithm at low SNRs. The two MSEs approach
each other at high SNRs.

Fig. 2 is a comparison plot between the two algo-
rithms with a varying number of header symbols. Since
the number of signal samples available is limited by
the number of header symbols, signal space estimation
tends to be inaccurate. It is clear from the plots that
the SPECC algorithm is more robust against inaccurate
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subspace estimation when compared to the ESPRIT al-
gorithm. Applications that employ the ESPRIT scheme
require a sufficient number of samples to be available
for a reliable estimation of the signal subspace. The
subspace estimation is further hindered by the presence
of noise. The SPECC algorithm exploits a linear con-
straint on the subspaces as opposed to the rotational in-
variance exploited by the ESPRIT algorithm and hence
is better suited to handle inaccurate estimates of signal
subspaces.

To evaluate the performance of the generalized
SPECC algorithm, assume that a total of 25 packets
are available at the receiver. The packet hop frequencies
continue to have a uniform linear arrangement. With
the available hop frequencies labeled as {1,2,---,25},
the data partitions considered for the two algorithms
are
o ESPRIT: {1,2,---,19}, {2,3,---,20}

o SPECC: {1 — 5}, {11 — 15}, {16 — 20}, {21 — 25},

The total number of packets used by SPECC is still 20,
and hence the ESPRIT scheme was made available the
same number of packets. Note that this partition corre-
sponds to M = P and {ko = 0,k1 = 2,k2 = 3, k3 = 4}.

The plot of MSE vs. SNR is shown in Fig. 3. The
performance is similar to the basic SPECC algorithm
and provides better estimates than the ESPRIT algo-
rithm especially at low SNRs.

VII. CONCLUSION

It was shown that the maximum likelihood detection
scheme for a frequency hopping system is much simpli-
fied if the multipath delays are known. The estimation
of the multipath delays was cast in the multiple invari-

ance format and the SPECC algorithm was employed
to obtain robust estimates of the multipath delays. The
algorithm was shown to perform better than the single
invariance ESPRIT scheme. It was also demonstrated
that the SPECC algorithm is more robust against in-
accurate estimation of the signal subspaces that results
as a consequence of limitations in the number of header
symbols available for estimation.

The SPECC algorithm has been applied for the chan-
nel estimation problem where a small number of packets
share multiple invariances. In general, the SPECC al-
gorithm can be applied in all scenarios where ESPRIT
is applicable and, in particular, SPECC is suitable for
applications with small data sets sharing multiple in-
variances.
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