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The Nose of a Bloodhound:
Target Chasing Aided by a Static Sensor Network

Oliver Kosut and Lang Tong

Abstract— The benefits of a large static sensor network to the
problem of target chasing are explored. It is shown that a chaser
is able to track down a moving target much more quickly with
the aid of the static sensor network than without it. These sensors
need not communicate with each other, only with the chaser when
it comes near. In fact, it is enough for the sensors to remember
only when the target was last nearby in order for the chaser to
efficiently intercept the target. This can be likened to the target
leaving a trail from which the chaser is able to determine how
long it has been since the target has been to a particular location,
much like how a bloodhound is able to detect the scent of its
prey. This trail gives no information about which direction the
target was going, only when it was there, but this is still enough
to find it.

I . INTRODUCTION

Considerthe following target tracking problem. A target
performsa simplerandomwalk in an in�nite two dimensional
grid, moving to oneof thefour adjacentgrid pointswith equal
probability every second.A chaser, also able to move one
grid point every second,wishesto �nd the target. Assuming
the chaserhasonly local sensingcapabilities,its only choice
is to wander the �eld with no knowledge of the target's
location until it eventually stumblesinto the target. Under
theseconditions, the chasercannot �nd the target quickly.
Indeed,due to the natureof the randomwalk, the best the
chasercando is to �nd the targetwith probability one,but in
in�nite expectedtime.

Now supposethatsittingoneachgrid point is astaticsensor,
able to detectwhenthe target comesto its point. We assume
that thesesensorscannotcommunicatewith oneanother, only
thechaser. In particular, astaticsensorcandeliverto thechaser
its accumulatedinformationaboutwhenthetargetwaspresent
only if thechaserstandson thesamegrid point asthe sensor.
In fact, it is enoughfor the sensorsto rememberonly how
long it has beensince the last time the target visited them,
and for the chaserto have no sensingcapabilityat all except
to know whetherit hasmetthetargetexactly. Onecanimagine
that as the target moves throughthe �eld, it leaves a trail of
information embeddedin the static sensors'memory, a trail
that can be detectedby the chaser. We will show that with
this additionalcapability, the chaseris ableto meetthe target
in �nite expectedtime. Moreover, the chasercan meet the
target in approximatelyO(d

4

3 ) expectedtime, whered is the
initial distancebetweentarget andchaser, but no faster.

The architecturalconceptof the mobile agentemploying a
staticsensornetwork to accomplishsometaskoriginatedin the
SensorNetwork with Mobile Access(SENMA) Testbed[1].
This work differs primarily from many other investigations

into tracking with wirelesssensorsnetworks, suchas [2], in
the assumptionthat thereis no communicationbetweenstatic
sensors.This assumptiondramaticallylimits the performance
of thenetwork, becausedirectcommunicationbetweensensors
would allow themto quickly inform the chaserof the target's
locationsimply by relaying informationthroughthe network.
Thereforethis work would only have applicationsin situations
in which power conservation is of the utmost importance.
Indeed,RFID can be usedto implementcommunicationand
memoryin the staticsensorrequiringno local power whatso-
ever [3]. Thus the sensorscould be implementedas devices
that have poweredsensingandunpoweredcommunication.

The rest of the paper is organizedas follows. Section II
formally introducesthe model and gives the main result. In
SectionIII, we proposea chasingstrategy andprove a bound
on its performance.In SectionIV, we prove a lower boundon
the possibleperformanceof any chasingstrategy. SectionV
presentssomesimulation results.Finally, in SectionVI we
concludeandgive somedirectionsfor future work.

I I . MAIN RESULT

We assumethat when the target begins walking on the
�eld at time n = 0, the chaserhas no knowledge or prior
distribution of its initial whereabouts.Thereforethe chasing
strategy must be designedto handle any possible starting
location,and the performanceof the strategy will dependon
the relative starting locationsof the target and chaser. Since
the in�nite grid is invariant to translation,we may assume
that the chaserstartsat the origin. Let ~s 2 Z

2 be the starting
locationof the target.

Let � be the set of all possiblechasingstrategies.For any
γ 2 � , let Nγ(~s) be the expectedtime for the chaserto �nd
the target usingstrategy γ if the target startsat ~s. Let

~Nγ(d) , sup
~s:‖~s‖≤d

Nγ(~s)

wherek � k is the Euclideannorm.That is, ~Nγ(d) is theworst
expectedperformanceof γ when the target and chaserbegin
at mostd distanceapart.

Theorem 1: Thereexistsa chasingstrategy γ 2 � suchthat

~Nγ(d) = O(dα)

for any α > 4
3
. Moreover, for all γ 2 � ,

~Nγ(d) = 


(

d
4

3

p
log logd

)

.

The �rst part of the theorem is proved in Section III by
proposinga chasingstrategy andthenproving that it achieves
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Fig. 1. The path followed by the chaser in the first stage for some k . What is
shown here is followed by the same pattern rotated vertically, thereby forming
a complete gridding of the square.

O(dα) for any α > 4
3
. Thesecondpart is provedin SectionIV

by invoking the law of the iteratedlogarithm and using it to
argue that the chasermust comewithin a certaindistanceof

every point, which requiresat least

(

d
4

3√
log log d

)

time.

The boundson performancegiven by Theorem1 areobvi-
ously not tight. It is unknown whetherthereexists a strategy
γ 2 � for which ~Nγ(d) = O(d

4

3 f (d)) , where f (d) is any
sub-power-law function suchthat f (d) = 
(1 /

p
log logd).

I I I . CHASING STRATEGY

Fix α > 4
3
. We proposea chasingstrategy that achieves

~Nγ(d) = O(dα). This strategy is composedof two stages,the
�rst meantto �nd the target's trail, the secondmeantto catch
up to the targetonceit hasdoneso.First we describethe two
stages.Then, in SectionIII-A, we introducesomeanalytical
tools necessaryto prove upperboundson the expectedtime
to completeour proposedstrategy. In SectionIII-B, we show
that theexpectedtime to performthe �rst stageis O(dα), and
then in SectionIII-C that the expectedtime to perform the
secondstageis O(n), wheren is the time taken to perform
the �rst stage.

In the �rst stage,the chaserperformsthe following pro-
cedureuntil it comesupon a point on the target's path. Let
β , 1

α−4/3
. Beginning with k = 1, and then for successive

positive integers,the chasertraversesthe interior of a square
centeredat theorigin with radiusdkβe (i.e. sidelength2dkβe)
in the following manner. It begins by moving to the nearest
cornerof this square,then moves back and forth acrossthe
lengthof the square,tracingout horizontallines bk

2

3
βc apart

until it reachestheoppositeedge(seeFigure1). Thenit repeats
this procedurefor vertical lines. Thus,after this traversal,the
chaserhas drawn out a grid with separationbk

2

3
βc on the

squareof radiusdkβe. Finally it incrementsk andrepeats.
The secondstagebegins with the chaserhaving just found

a point on the target's path.Whenever the chasercomesupon
sucha point,we de�ne the time lag asthetime sincethetarget
cameto this point, i.e. the ageof this part of the trail. The
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Fig. 2. The stage two chasing procedure. The chaser continues around the
edge of this square until it comes upon a more recent point on the target’s
path.
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Fig. 3. An example run of our proposed chasing strategy. The black line
is the chaser’s path and the gray line is the target’s path. Circles represent
points where the chaser found a more recent point on the target’s path.

chasertravels b
p

nc grid points in somedirection,wheren is
the time lag, thentravels alongthe edgeof a squareof radius
d
p

ne centeredat the point it hasjust found (seeFigure2). It
continuesmoving aroundthe edgeof this squareuntil it �nds
a point on the target's path that is more recentthan the one
it hasalreadyfound.Onceit does,it recalculatesthe time lag
n andbegins a new square.The chaserrepeatsthis procedure
until it meetsthe target exactly.

Figure3 shows a simulatedexamplerun of this strategy.

A. Analytical Preliminaries

De�ne the randomvariableUa as the time it takes for a
one dimensionalsimple randomwalk to move a stepsfrom
its initial position. It canbe shown [4, Theorem2.13] that if

aj and nj are positive sequenceswith
n

1=3

j

aj
= o(1), then for

any ε > 0 andsuf�ciently large j,

Pr(Uaj > nj) �
4(1 + ε)

π
exp

{

�
π2nj

8a2
j

}

(1)
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and

Pr(Uaj > nj)

�
4(1 � ε)

π

[

exp

{

�
π2nj

8a2
j

}

�
1
3

exp

{

�
9π2nj

8a2
j

}]

. (2)

Now considera two dimensionalsimplerandomwalk. Such
a walk canbethoughtof astwo simultaneousonedimensional
walks operatingperpendicularto oneanotherbut diagonalto
the two dimensionalgrid. In particular, if Sn andS′

n aretwo
independentonedimensionalwalks,then

(

Sn +S′

n
2

,
Sn −S′

n
2

)

is
a two dimensionalwalk. Considerthe “diamond” madeup of
all pointswith Manhattandistancea from thestartingpoint of
a two dimensionalrandomwalk, andlet Va bethetime for the
walk to strike this diamond.This occurswheneitherof its two
constituentonedimensionalwalksmovesa stepsfrom its start
position. ThereforeVa is the minimum of two independent
copiesof Ua, so E[Va] � E[Ua] = a2 and Pr(Va > n) =
Pr(Ua > n)2. Now let Za bethetime for thetwo dimensional
walk to strikeasquarecenteredat thewalk'sstartpositionwith
radiusa. Observe that Va � Za � V2a, so

Pr(Ua > n)2 � Pr(Za > n) � Pr(U2a > n)2

andE[Za] � E[V2a] � E[U2a] = 4a2.

B. Time of Stage One

Recall that the kth traversal in stageone covers draws a
grid on the squarewith radius dkβe such that the distance
betweengrid lines is bk

2

3
βc. Therefore,if k~sk � dkβe andthe

targethasstrucka squareof radiusbk
2

3
βc centeredon its start

location by the end of the k � 1st traversal,then the chaser
will �nd the target's trail during the kth traversal.

The kth traversal involves �rst moving to the edgeof the
squareto besearched,which takes2(dkβe� d(k � 1)βe) time,
then drawing two copiesof the path illustrated in Figure 1,
eachtaking

dkβe
(⌈

dkβe

bk
2

3
βc

⌉

+ 2
)

time to complete.Thereforethe time to perform the �rst k
traversalsis

k
∑

j=1

2djβe
(⌈

djβe

bj
2

3
βc

⌉

+ 3 �
d(j � 1)βe

djβe

)

= �( k
4

3
β+1).

In particular, thereexist constantsc1 andc2 suchthat c1 � c2

and the time to perform the �rst k traversals is between
c1k

4

3
β+1 andc2k

4

3
β+1. Thereforeif k~sk � dkβe and

Zbk
2

3
� c � c1(k � 1)

4

3
β+1

thenthechaserwill �nd the target's pathby c2k
4

3
β+1. Letting

P (~s) be theexpectedtime to �nd the target's pathif it begins

at ~s, if k~sk � dkβe, we have

Pr(P (~s) > c2k
4

3
β+1)

� Pr(Zbk
2

3
� c > c1(k � 1)

4

3
β+1)

� Pr(U
2k

2

3
� > c1(k � 1)

4

3
β+1)2

�
16(1+ ε)2

π2
exp

{

�
π2c1(k � 1)

4

3
β+1

16k
4

3
β

}

(3)

= O(expf� c1π
2k/16g) (4)

whereour useof (1) in (3) is justi�ed because

(c1(k � 1)
4

3
β+1)1/3

2k
2

3
β

= O(k− 2

9
β+ 1

3 ) = o(1)

for β > 3/2.
Consideran arbitraryrandomvariableX andan increasing

sequencexm. Assumeby conventionthat x−1 = �1 . Then

E(X) �
∞
∑

m′=0

xm′ Pr(xm′−1 < X � xm′ )

=
∞
∑

m′=0



x0 +
m′−1
∑

m=0

(xm+1 � xm)



Pr(xm′−1 < X � xm′ )

= x0 +
∞
∑

m=0

(xm+1 � xm)
∞
∑

m′=m+1

Pr(xm′−1 < X � xm′ )

= x0 +
∞
∑

m=0

(xm+1 � xm) Pr(X > xm).

We wish to apply this with X = P (~s). Recall that (4) only
appliesif k~sk � dkβe, so we let xm = c2(dk~sk

1

� e+ m)
4

3
β+1

for m = 0, 1, � � � . Observe that xm+1 � xm = O((dk~sk
1

� e+
m)

4

3
β), so

∞
∑

m=0

(xm+1 � xm) Pr(P (~s) > xm)

=
∞
∑

m=0

O
(

(dk~sk
1

� e+ m)
4

3
β

� expf� c1π
2(dk~sk

1

� e+ m)/16g
)

= expf� c1π
2dk~sk

1

� e/16g

�
∞
∑

m=0

O
(

(dk~sk
1

� e+ m)
4

3
β expf� c1π

2m/16g
)

= o(1).

Consequently

sup
~s:‖~s‖≤d

E[P (~s)] � c2dd
1

� e
4

3
β+1 + o(1) = O(d

4

3
+ 1

� ) = O(dα).

C. Time of Stage Two

The chaser's path in stagetwo is de�ned by the moments
when the chasercomes upon a more recent point in the
target's path, and so begins traveling along a new square.
We call theseeventssquare-starts. Let Tk be the sequenceof
intervalsbetweensuccessive square-starts,andlet Nk be time
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lag associatedwith the kth square-start.Recall that by time
lag we meanthat the kth time the chaser�nds a morerecent
point on the path, the target cameto this point Nk seconds
ago.Let K = inf f k : Nk = 0g, the numberof square-starts
until thechaser�nds the targetexactly. Thenthe total time to
performstagetwo is

∑K−1

k=1 Tk.
GivenNk, Nk+1 andTk areindependentof all pasthistory.

Recallthattheradiusof thesquaretraveledalongby thechaser
after the kth square-startsis Rk , b

p
Nkc. Let Wk be the

time from when the target madethe point on the trail found
by the chaserin the kth square-startto when both the target
and chaserhave struck the squareof radius Rk. Therefore
Wk = maxf ZRk , Nk + Rkg sinceit takesRk secondsfor the
chaserto get from thecenterto edgeof thesquare.Onceboth
chaserand target have reachedthe square,it will be at most
8Rk secondsbefore the next square-start,and the point that
the chaser�nds on the target's path will be from no sooner
thanZRk secondsafter the previous square-start.Therefore

Nk+1 � Wk � ZRk + 8Rk

= maxf ZRk , Nk + Rkg � ZRk + 8Rk

= maxf 8Rk, Nk � ZRk + 9Rkg. (5)

We can also get a looser bound on Nk+1 by noting that
ZRk � Rk, so

Nk+1 � maxf 8Rk, Nk � 8Rkg � Nk + 8Rk. (6)

Furthermore

Tk � Wk + 8Rk � Nk

= maxf ZRk , Nk + Rkg + 8Rk � Nk

= maxf ZRk � Rk, Nkg + 9Rk � Nk

� ZRk + 8Rk. (7)

Fix any 0 < δ < 1. By (5), for n large enoughthat n > 8Rk,

Pr(Nk+1 < δNk jNk = n)

� Pr(Nk � ZRk + 9Rk < δNk jNk = n)

= Pr(ZRk > (1 � δ)Nk + 9RkjNk = n)

� Pr(Ub√nc > (1 � δ)n + 9b
p

nc)2

�
16(1� ε)2

π2

[

exp
{

�
π2((1 � δ)n + 9b

p
nc)

8b
p

nc2

}

�
1
3

exp
{

�
9π2((1 � δ)n + 9b

p
nc)

8b
p

nc2

}]2

(8)

wherein (8) we have used(2), which is allowablebecause

((1 � δ)n + 9b
p

nc)1/3

b
p

nc
= O(n−1/6) = o(1).

Therefore

lim
n→∞

Pr(Nk+1 < δNkjNk = n) �
16(1 � ε)2

π2

�
[

exp
{

�
π2(1 � δ)

8

}

�
1
3

exp
{

�
9π2(1 � δ)

8

}]2

> 0.

In particular, thereis somep > 0 and~n suchthatfor all n � ~n,
Pr(Nk+1 < δNk jNk = n) � p. Observe that the processNk

now hasthefollowing behavior aslong asNk � ~n. GivenNk,

with probabilityp, Nk+1 < δNk, andwith probability1� p, by
(6), Nk+1 � Nk + 8Rk � Nk + 8

p
Nk �

(

1 + 8√
ñ

)

Nk. Thus
the sequenceNk effectively performs a geometric random
walk, which we can ensuredecreasesby making ~n large
enough.More speci�cally, let ~K = inf f k : Nk � ~ng and
observe that for any j > k,

E[Nk jN1 = n, ~K = j] �
[

pδ + (1 � p)
(

1 +
8

p
~n

)]k−1

n.

Let λ ,

[

pδ + (1 � p)
(

1 + 8√
ñ

)]

. We assumethat ~n is
suf�ciently large that λ < 1. Applying (7) gives

E[Tk jN1 = n, ~K = j] � E[ZRk + 8Rk jN1 = n, ~K = j]

� E[4R2
k + 8RkjN1 = n, ~K = j]

� E

[(

4 +
8

p
~n

)

Nk jN1 = n, ~K = j

]

�
(

4 +
8

p
~n

)

λk−1n.

Thus given N1 = n, the expectedtime until the lag drops
below ~n is

E





K̃−1
∑

k=1

Tk

∣

∣

∣N1 = n





=
∞
∑

j=1

Pr( ~K = jjN1 = n)E

[

j−1
∑

k=1

Tk

∣

∣

∣N1 = n, ~K = j

]

�
∞
∑

j=1

Pr( ~K = jjN1 = n)
j−1
∑

k=1

(

4 +
8

p
~n

)

λk−1n

�
∞
∑

k=1

(

4 +
8

p
~n

)

λk−1n = O(n).

Therefore,if the initial lag is n, the time until the lag falls
below theconstant~n is O(n). Oncethisoccurs,theprocesshas
essentiallyforgottenits initial state,sotheadditionalexpected
time is no longera functionof theinitial time lag.Speci�cally,
the lengthof excursionsduringwhich the lag is greaterthan~n
arei.i.d., so a constantfraction of time is spentwith time lag
lessthan ~n. Furthermore,thereis someconstantq > 0 such
that whenthe time lag Nk is lessthan ~n, the probability that
Nk+1 = 0 is at leastq. Thus,after the time lag falls below ~n,
the additionalexpectedtime until the chaser�nds the target
exactly is O(1), meaningthat the expectedtime of stagetwo
is O(n). Since the initial lag n is at most the time of stage
one, which as shown above has expectedvalue O(dα), the
total expectedtime of the entirestrategy is O(dα).

IV. LOWER BOUND ON PERFORMANCE

Any conceivable chasingstrategy can be divided into two
stages,much like our proposedstrategy in Section III. The
�rst stagetakes placebefore the chasercomesupon a point
in the target's path,duringwhich thechaser's motion mustbe
independentfrom the target, since it doesnot yet have any
knowledgeof its locationor behavior. Then the secondstage
takesplaceafter the chaser�nds a point in the target's path.
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We will show that theexpectedtime to performthe �rst stage

mustbe 

(

d
4

3√
log log d

)

.

We will show that this bound holds for any deterministic
chaserpath ~pn, which meansit holds also for any random
path.Let Hn be the distanceat time n from the target to its
startinglocation~s, andrecall the law of the iteratedlogarithm
[5] for the simple randomwalk in two dimensions

Pr(Hn > c
√

n log logn i.o.) = 0

for c > 1. Let Jn , maxn′≤n Hn; that is, the furthest the
target hasgotten from its starting location by time n. Sincep

n log logn is increasing,

Pr(Jn > c
√

n log logn i.o.) = 0

for c > 1 aswell. In particular, thereexistsan integern0 such
that

ζ , Pr(Jn � c
√

n log logn for all n � n0) > 0.

If k~sk � 2n0, then certainly the chasercannot�nd the path
earlier than n0, meaningthat with probability ζ, the chaser
will not �nd the path until it comeswithin c

p
n log logn of

~s. Thusif n(d) is the �rst time afterwhich, for all ~s suchthat
d � k~sk � 2n0, andsomen � n(d),

k~pn � ~sk � c
√

n log logn

then ~Nγ(d) � ζn(d). Considerhow quickly ~pn can cometo
within c

p
n log logn of all points~s with d � k~sk � 2n0. In

time n, the numberof points the chasercovers(i.e. comesto
within c

p
n log logn) is at mostthenumberof pointsit covers

whenmoving in a straightline, which is
∣

∣

∣

{

~p 2 Z
2 : 9n′ : 0 � n′ � n,

k~p � (n′, 0)k � c
√

n′ log logn′
}∣

∣

∣
= O

(

n
3

2

√

log logn
)

.

ThereforeO
(

n(d)
3

2

√

log logn(d)
)

= 
( d2) meaningfor all
γ 2 � ,

~Nγ(d) � ζn(d) = 


(

d
4

3

p
log logd

)

.

V. SIMULATION RESULTS

Figure4 shows the averagetime for the chaserto �nd the
target over 300 Monte Carlo runseachfor initial separations
between10 and 200 grid points. The chasingschemewas
implementedwith β = 3, which by our analysis should
achieve O(d

5

3 ). The averagetime is shown alongwith a best
�t curve of the form y = ax

5

3 + b, which appearsto match
fairly well.

VI . CONCLUSION AND FUTURE WORK

The lower bound on the expected time of any chasing
strategy that we gave in SectionIV put a boundon the time
to �nd the target's trail for the �rst time. However, we have
no lower boundon the expectedtime for the chaserto �nd
the targetexactly onceit hasfound the trail. Obtainingsucha
boundwould helpevaluatestagetwo of our proposedstrategy.
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Fig. 4. Simulation results showing the average over 300 Monte Carlo runs
with � = 3.

In addition, in practice the chasermay have some initial
information about the location of the target, if only because
it is constrainedto a �nite area.In that case,improving the
estimateof the target's locationwill dominatethesearchtime,
rather than �nding an initial estimate,so a provably optimal
stagetwo strategy may be moreuseful in practice.

Additionally, extending our resultsto more generaltarget
motion would be worthwhile. The simplest generalization
would be to considernon-simplerandomwalks in the plane,
suchthat the probability that the target moves to an adjacent
grid point dependson the direction. Initial simulationshave
shown thatourproposedchasingstrategy workswell for walks
that are close to simple, but if the walk moves too quickly
in any one direction, the chaserdoesnot always succeedin
�nding the target. This is hardly surprising,as our proposed
strategy wastailoredto thesimplerandomwalk, but it should
be possibledo designa more �e xible strategy in which the
chaserestimatesthe target's behavior andadaptsto it.

Finally, one could consider random walks in more than
two dimensions.The simple randomwalk in three or more
dimensionsis transient,meaningthatwithout sensors,a chaser
cannoteven �nd the target with probability one.Whetherthe
additionof sensorswould allow thechaserto �nd thetarget in
�nite expectedtime,or evenwith probabilityone,is unknown.
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