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Abstract—This paper studies a minimal-energy driving strategy
for high-speed electric trains with a fixed travel time. A hybrid
system model is proposed to describe the new characteristics of
high-speed electric trains, including the extended speed range,
energy efficiency, and regenerative braking. Based on this model,
train driving is characterized by the gear sequence and the switching locations. An approximate gradient information is derived via
the variational principle. To avoid a combinatorial explosion, the
gear sequence is fixed by a priori knowledge. Then, a gradientbased exterior point method is proposed to calculate the optimal
driving. In the case study, the minimal-energy driving with a fixed
travel time for CRH-3 is investigated, and the result reveals some
new understandings for high-speed electric train drive. Additionally, the tradeoff relationship between energy consumption and
travel time is quantitatively studied, which is helpful in assigning
an appropriate travel time for high-speed trains.
Index Terms—Energy efficiency, high-speed electric tain, hybrid
system model, marginal power, minimal-energy driving.

I. I NTRODUCTION

E

LECTRIC trains, with their advantages of convenience
and environmental performance, have been attracting increasing attention recently. Many countries in the world have
begun to develop or expand their own electric train projects.
However, this campaign is seriously impeded by the vast energy consumption of electric trains. Currently, there have been
many techniques proposed to reduce the energy consumption
of electric trains [1], such as adopting motorcoach patterns to
make the train more compact and lighter, changing the outlook
of locomotives to reduce the aerodynamic resistance, equipping
the regenerative brake to feed back the kinetic energy, etc. On
the other hand, a proper driving strategy can also reduce the
energy consumption of electric trains. Many scholars and re-
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searchers have therefore been searching for the optimal driving
strategy over the years.
The original research on optimal driving of electric trains was
begun in the 1960s by Ichikawa [2], in which the optimization
theory was primarily applied to train operation. The early
mathematical model of trains took continuous control variables,
such as acceleration and tractive effort, which facilitates investigation into optimal driving with the maximum principle
(MP) [3]. In [4], train motion was formulated in the form of
kinetic energy, and a parameterized optimal control effort was
derived via the MP. The work in [5] took the relative tractive
and braking forces as control variables and obtained a similar
optimal control effort. The energy consumption of trains was
expressed in the form of current and voltage in [6], and the MP
was used to optimize the relative traction effort. Train driving
can be also optimized by dynamic programming (DP) (see [7]).
The nonlinear and constrained optimization problem in train
operation can be handled by heuristic DP [8]. When discretizing
the route line, discrete DP can be applied to optimize the
tractive and brake efforts [9]. As the continuous control variable
is not consistent with the actual train operation, these theoretical
fruits did not received deserved attention from the industrial
community.
Considering the operating mechanism of modern trains,
Cheng and Howlett presented a model taking the discrete
throttle as a control variable [10], in which each throttle corresponds to a traction power or a fuel supply rate. Based on this
discrete model, the optimal driving strategy was respectively
investigated on the level track with a speed limit [11] and on the
nonzero slope track [12]. Furthermore, the necessary conditions
for optimal control on the steep track were systematically
studied in [13]. To simplify the throttle set, three throttles are
usually considered in the given works, which correspond to the
maximum traction, coasting, and maximum braking, respectively. It has been proven that any ideal strategy of continuous
driving control can be approximated as closely as possible by
these three throttles [11]. In fact, when considering the energy
efficiency of throttles, this simplification may no longer be
suitable. This will be illustrated later in this paper.
Based on previous works, the train driving between stations
can be generally divided into four stages, i.e., traction, cruising, coasting, and braking. Therefore, the train driving can be
characterized by the switching locations of stages. This turns
out to be a nonlinear optimization problem. The metaheuristic
methods were used to handle this kind of problem, e.g., genetic
algorithm [14], tabu search, and ant colony optimization [15].
The simulated annealing algorithm in [16] was applied to search
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the cruising speed and the switching locations. With the help
of improved computation capability, some simulation models
were also presented to study the train’s optimal driving [17]. A
time-driven train performance simulation model was proposed
in [18]. Based on this model, the energy consumption and trip
time were studied with regard to the coasting position. The
work in [19] developed an automatic-train-operation simulation
model, which integrates a predictive fuzzy controller to regulate
the speed profile.
However, modern electric trains, particularly high-speed
trains, have greatly changed, and the past models can no
longer describe the dynamics of high-speed trains. For example, because of an extended speed range, the dynamical
property of high-speed trains is further divided into a “constant
torque region” and a “constant power region.” The discrete
gears or settings, which control the train, should be attached
with variable energy efficiencies. Additionally, the regenerative
braking mechanism is introduced to save the energy, which
feeds back the kinetic energy in the braking process. Therefore,
a new mathematical model for modern electric trains is urgently
needed to describe these new characteristics. In this paper, a
hybrid system model is proposed to describe the dynamics
of high-speed electric trains. Because of the nonlinearity and
segmentation, the energy cost cannot be explicitly expressed
by the switching locations, and a numerical solution is then
presented to calculate the minimal-energy driving. On the other
hand, it is found that the minimal energy consumption mainly
depends on the preset travel time. Therefore, the conflicted
relationship between energy consumption and travel time is also
quantitatively investigated in this paper.
The remainder of this paper is organized as follows. In
Section II, the new characteristics of high-speed electric trains
are introduced. Section III proposes a hybrid system model and
formulates the high-speed train’s optimal driving problem. In
Section IV-A, the gear sequence for optimal driving is studied.
In Section IV-B, to calculate the optimal switching locations,
the derivative of a cost function with respect to switching locations is investigated. In Section V, minimal-energy driving with
a fixed running time is studied and a gradient-based algorithm
is then presented, which is shown with a case study of CRH-3.
Based on the former results, the conflicted relationship between
energy consumption and the travel time is studied in Section VI.
Finally, conclusions and recommendation for future works are
given.
II. C HARACTERISTICS OF H IGH -S PEED E LECTRIC T RAINS
Modern trains are usually operated by discrete gears or
throttles. Under each gear, a train is pulled with certain torque
or power. Compared with traditional trains, the speed of modern
trains has improved dramatically. In [20] and [21], the effort of
a tractive motor is divided into a “constant torque region” and a
“constant power region.” In the constant torque region, a train
runs within a low speed range and keeps a constant or linear
tractive torque. In the constant power region, the train runs in a
high speed range and takes a constant tractive or braking power.
For the low-speed train, the constant torque region is much
narrower than the constant power region, and the train runs
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Fig. 1. Tractive effort curves of EURO 4000 and CRH-3.

in the constant power region at the most of the travel time.
Therefore, in several early works, train models only considered
the dynamics of the constant power region. With the speed
increased, the constant torque region in the high-speed train can
no longer be neglected. According to the definition given by the
European Union, a high-speed train is “at a speed of at least
250 km/h on lines specially built for high speed” or “at a
speed on the order of 200 km/h on existing lines” [22]. When
considering the “constant torque region” and the “constant
power region,” both the tractive and brake characteristic curves
turn out to be piecewise (see Fig. 1 for schematic curves of the
tractive effort of the high-speed train CRH-3 and the traditional
train EURO4000).
In this paper, it is assumed that the train has n tractive gears
and m braking gears, and gear σ is donated as
σ ∈ {−m, −m + 1, . . . , −1, 0, 1, . . . , n − 1, n}

(1)

where −m, −m + 1, . . . , −1 are the braking gears, 1, . . . , n −
1, n are the tractive gears, and 0 refers to the coasting gear.
Based on the given analysis, the constant torque model for
high-speed electric trains is formulated as
Mv

dv
= Fσ − r(v) + g(x)
dx

(2)

where M is the effective mass of a train and x is the position on
the track. For the convenience of calculation, we take x as the
independent variable here. v(x) is the speed, which is a function
of position x. Fσ is the constant tractive force in gear σ. r(v) is
the resistance force, and g(x) is the component of gravitational
force due to the track gradient at position x.
In addition, the constant power model for high-speed electric
trains is
Mv

Pσ
dv
=
− r(v) + g(x)
dx
v

(3)

where Pσ is the power output in gear σ. Usually, the “constant
power region” and the “constant torque region” are divided via
a critical speed v ∗ (see v1∗ and v2∗ in Fig. 1).
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To evaluate the energy consumption of the given driving scenario, there are usually two kinds of energy flows that need to be
considered, i.e., the output energy and the feedback energy. The
output energy can be further divided into the energy consumed
in a propulsion system, the energy used in auxiliary machinery, and the energy losses in ventilation, air conditioning,
lighting, and toilets. As the latter two terms are approximately
constants and minor, the energy consumed in propulsion is
merely considered in this paper, which accounts for the largest
partition in output energy. The energy consumption in propulsion consists of the energy loss in aerodynamic resistance and
the energy stored in a train, including potential energy and
kinetic energy. When the train runs from position x1 with
speed v1 to position x2 with speed v2 , the energy consumed
in propulsion can be expressed as
x2

x2
r(v)dx −

ΔJ =
x1


1 
g(x)dx + M v22 − v12 .
2

Remark 1: For the symbol’s unification, the tractive force
and the brake force are donated with the same symbol F in
(4)–(6). In practice, F should be substituted with Pσ /v in
the constant power region and with Fσ in the constant torque
region. When in traction, F takes a positive value and the output
power is also positive. When in regenerative braking, F takes a
negative value and the energy in (6) is negative. In this case, the
feedback energy should be comprehended as a negative output
energy.
In summary, the four new characteristics considered for
high-speed electric trains are: 1) the discrete-gear operating
mechanism; 2) the dynamics of model autonomously switching
between the “constant torque region” and the “constant power
region”; 3) energy efficiency changing with respect to gears
and speed; and 4) the regenerative brake attached with energy
feedback.

(4)
III. H YBRID S YSTEM M ODEL AND
P ROBLEM F ORMULATION

x1

The tractive motor of a train usually has an optimal operating
region [23] and the energy efficiency changes with respect
to different operation conditions [24]. In some literature, the
efficiency of propulsion is taken as a constant coefficient, such
as in [16] and [25]. The work in [26] investigated the factors
affecting the energy efficiency of electric trains, which include
the speed and the rates of acceleration and deceleration. Similarly, in [9] and [27], the energy efficiency of a train is expressed as a function of tractive force and speed. More tractive
efforts and a higher speed always cause higher energy efficiency. In practice, the energy efficiency is an important factor
considered when designing the driving strategy. There are some
other factors affecting the energy efficiency of a propulsion system, such as load, acceleration, etc. In this paper, it is assumed
that the energy efficiency only depends on the gear and speed.
Therefore, the energy consumption in (4) should be modified as

Here, a hybrid system model is introduced to cover the
new characteristics of a high-speed electric train. The hybrid
system is a dynamic system that exhibits both continuous and
discrete dynamic behaviors [30], [31], in which the continuous
dynamics are governed by a differential equation and the discrete dynamics are described by a logical graph. In [32] and
[33], the dynamics of an electric train are modeled with a hybrid
system, in which the dynamics of the train is simplified into a
linear relationship and the control variables are the gear angle,
the manifold pressure in continuous form, and the gear position
in discrete form.
Typically, an extended automaton is proposed to represent
the hybrid system, i.e., a hybrid automaton (HA) [34]. In this
paper, a special HA is defined for a high-speed train. It is a sixtuple collection as follows:

x2
F/α(σ, v)dx.

ΔJ =
x1

(7)

where

Here, energy efficiency factor α(σ, v) is a function of gear σ
and speed v, and takes a value between 0 and 1.
For the sake of energy saving, most electric trains are
equipped with a regenerative brake [28]. When braking, the
traction motor works in generator mode. The kinetic energy
of a wheel is translated into electrical energy, which is then
fed back into the electricity net or stored into the onboard
battery. Similarly, the recovering efficiency of the regenerative
brake also depends on brake effort and speed (for the detailed
characteristics, see [6] and [29]). The feedback energy in the
regenerative brake can be formulated as a function of gear and
speed, i.e.,
x2
β(σ, v)F dx.

ΔJ =

H = {D, C, f, I, S, G}

(5)

(6)

x1

Here, recovering factor β(σ, v) represents the percentage of
feedback energy accounting for the total brake energy.

• D = {σ} is the set of operation modes. To distinguish the
dynamics of the constant torque region and the constant
power region, the gears in (1) are split as follows:
σ ∈ {−mct , −mcp , −(m − 1)ct , −(m − 1)cp , . . . , −1ct ,
−1cp , 0, 1ct , 1cp , . . . , (n − 1)ct , (n − 1)cp , nct , ncp } .
• C = {v, t}is the set of the continuous states, which consists of speed v and travel time t. Position x is taken as the
independent variable here.
• f : D × C → T C is the vector field, which governs the
evolution of the continuous states. Referring to the differential equations (3) and (2), f should be a function vector
f = [f1 , f2 ]T formulated as


dv
dx
dt
dx

= f1 (σ, v) =
= f2 (σ, v) =

1
Mv
1
v

(Fσ − r(v) + g(x))

(8)
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In practice, there are some constraints for train running. At
first, the initial states of the train are fixed with
σ0 = 0

v(x0 ) = 0

t(x0 ) = 0.

(13)

The running speed is limited by
v(x) ≤ Vmax (x)
Fig. 2. HA for high-speed trains. The hard arrow is the controlled switching,
and the dashed arrow is the autonomous switching. vt∗ and vb∗ are the critical
speeds for tractive and braking efforts, respectively.

or



dv
dx
dt
dx

= f1 (σ, v) = M1v
= f2 (σ, v) = v1 .

P

σ

v

− r(v) + g(x)


(9)

• I ⊆ D × C are the initial states of the train, including the
continuous states and discrete modes.
• S ⊆ D × D is the allowable switch between operation
modes. For high-speed train driving, the allowable switch
consists of the controlled switches between gears and the
autonomous switches between the constant torque region
and the constant power region. In addition, the switch is
assumed to be taking no time, but the Zeno behavior is not
considered here.
• G : S → P (C) is the guard condition for switch S, which
is usually a hyperplane on C. As there is autonomous
switching between the constant torque mode and the constant power mode, the guard condition is the threshold of
the critical speed v ∗ .
Typically, for an HA with a discontinuous switch, a reset term
is introduced to update the state value after switching [35]. As
the states of the train are continuous throughout the operation
mode switching, the reset term is neglected here. (See Fig. 2 for
an illustration of mode switching.)
As the autonomous switches between the constant torque
region and the constant power region are mutually exclusive,
the discrete state of the train is represented by gear σ only in
the following content. For a certain driving, the gear sequence
is donated as
Σ = {σ0 , σ1 , . . . , σi , . . . , σN }

(10)

where σi denotes the ith gear in the gear sequence and N
is the number of switching gears. If the gear switching does
not involve energy consumption, more gear switching results
in better driving because it can arbitrarily control the speed
curve with no cost. Obviously, this is not practical. In some
literature, each gear switching is attached with a penalty cost.
In this paper, the switching number is fixed with N . Moreover,
the corresponding switching location sequence is
Γ = {x0 , x1 , . . . , xi , . . . , xN }

(11)

with x0 = 0, xN = X. X is the length of a journey. Gear σi is
active in interval [xi−1 , xi ]. Therefore, a trajectory to the HA in
(7) can be written as
ρ : (σ0 , vx0 , tx0 ) → (σ1 , vx1 , tx1 ) → · · · (σN , vxN , txN ).
(12)

(14)

where Vmax (x) is the maximum permissible speed at
position x.
Obviously, the train must stop at the destination station with
a given travel time, i.e.,
v(xN ) = 0

t(xN ) = T

(15)

where T is the prespecified travel time.
Now, the following cost function is adopted to evaluate the
energy consumption:
J=

N xi

i=1x

Lσi (v, x)dx.

(16)

i−1

Lσ is a piecewise function, i.e.,
⎧
Fσ /α(σi , v),
⎪
⎨ i
Pσi /v/α(σi , v),
L σi =
⎪
⎩ β(σi , v)Fσi ,
β(σi , v)Pσi /v,

σi
σi
σi
σi

≥ 0;
≥ 0;
< 0;
< 0;

v
v
v
v

≤ vt∗
≥ vt∗
≤ vb∗
≥ vb∗

(17)

where α(σi , v) is the traction energy efficiency in (5) and
β(σi , v) is the regenerative energy efficiency in (6). vt∗ is the
critical speed of traction and vb∗ is the critical speed of braking
(see Fig. 2).
Finally, the minimal-energy driving problem for high-speed
electric trains can be formally formulated as follows.
Problem 1: Find the switching gear sequence Σ and switching locations Γ to make the cost function J in (16) minimal,
which is subjected to constraints in (7), (13)–(15).
IV. S OLUTION
The given problem can be comprehended as the optimal
control for the hybrid system with autonomous switching. The
work in [36] presented a unified framework for optimal control
of the hybrid system. In [37], the existence of optimal control
for the hybrid system is analyzed with the MP. In this paper, as
the length of the gear sequence is fixed and switching locations
are in a closed interval, the existence of optimal driving is no
doubt. In [38], a two-stage technology is proposed as follows:
1) Study the traditional optimal control problem with fixed
discrete control sequence and find the switching instants and
optimal control and 2) change the previous discrete control
sequence and repeat step 1. Obviously, after searching all
possible discrete sequences, the optimal driving strategy will
be determined.
However, when adopting the given technology, the computation complexity will be intolerable. For driving, there are (n +
m + 1)N possible gear sequences; therefore, the calculation
amount is exponential with the length of the gear sequence.
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from gear 1 to gear n with ascending order, which accelerates
the train blandly and is good for the health of the train, but
takes more time to reach the cruising speed. The other strategy
accelerates the train from maximum traction gear n to gear 1.
Of course, the advantage of this strategy is rapid, but the huge
initial accelerator can destroy the train’s health.
To investigate the two kinds of strategies, a mixed traction
strategy is proposed here, which first adopts an ascending order
of switching from gear 1 to gear n and then switches from gear
n to cruising gear σ ∗ with descending order, i.e.,
Σt = {1, 2, . . . , n − 1, n, n − 1, . . . , σ ∗ }.

Fig. 3. Balance speeds of gears.

To avoid searching blindly for the space of the switching
sequence, the gear sequence should be determined with a priori
knowledge.

3) Braking Stage: There are two kinds of braking mechanisms in an electric train, i.e., regenerative braking and mechanical braking. The former is suitable for a high speed range,
which translates the kinetic energy into electricity and then
stores it. The latter is used for low speed without energy feedback. As a higher braking gear usually has higher efficiency of
energy feedback, a descending-order braking strategy is taken
here, i.e.,
Σb = {−m, −m + 1, . . . , −1}.

A. Gear Sequence
As aforementioned, the driving process can be divided into
four stages, namely, traction, cruising, coasting, and braking.
The following will analyze each stage and determine the gear
sequence.
1) Cruising Stage: In the cruising stage, the train keeps a
constant speed Vc . Usually, the constant speed is implemented
via switching between two operation modes. For example, the
cruising stage consists of maximum traction and coasting in
[39]. For the high-speed train in this paper, constant speed Vc
can be kept by switching between σ and σ + 1 gears with
Fσ (Vc ) ≤ r(Vc ) + g(x) ≤ Fσ+1 (Vc )

(18)

where Fσ (Vc ) is the traction effort under gear σ and speed Vc .
In fact, this strategy is only suitable for a freight train. For
passenger trains, frequent switching between throttles σ and
σ + 1 makes the comfort poor. Therefore, it is sensible to
choose a constant gear in the cruising stage. For each gear σ,
there always exists balanced speed Vσ as follows:
{Vσ | Fσ (Vσ ) − r(Vσ ) + g(x) = 0} .

(19)

Therefore, the cruising speed is equal to balanced speed. (See
Fig. 3 for balance speeds of the train with four gears.)
When the cruising stage dominates the trip time, cruising
gear σ ∗ can be determined, whose balance speed is just greater
than the average speed, i.e.,
∗

{σ | Vσ∗ −1 ≤ X/T ≤ Vσ∗ }

(20)

(22)

Once the gear sequence Σ is fixed, cost function J only
depends on switching locations Γ, i.e.,

J(x0 , x1 , . . . , xN ) =

N xi

i=1x

Lσi (x, v)dx.

(23)

i−1

This is a nonlinear optimization problem. An exterior point
method based on gradient information will be an option to
calculate the optimal switching locations under a given gear
sequence. Now, the gradient of the cost function with respect
to locations is denoted as
∂J ∂J
dJ
∂J
=
,
,...,
dΓ
∂x1 ∂x2
∂xN −1

T

.

(24)

Here, the terminal conditions are fixed, i.e., x0 = 0 and
xN = X.
If we can obtain the explicit expression of the cost function
with respect to locations, the gradient dJ/dΓ can be deduced
analytically. However, from the differential equation of the
constant power region in (3), only a hidden expression of speed
and position can be obtained as
v(x)


x−
0

where trip time T and trip length X are given.
2) Traction Stage: In the traction stage, the train is accelerated to the cruising speed. Usually, there are two kinds of
acceleration strategies. The first strategy switches traction gears

(21)

τ2
dτ + C1 = 0
Pσ − aτ − bvτ − cτ 3

(25)

where a, b, and c are fixed parameters, and C1 depends on the
initial values. Obviously, it is impossible to derive an explicit
expression of the cost function from (23) and (25).
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and the speed change at xi + Δx is
δv(xi + Δx) = [f1 (σi , v(xi ), x)
−f1 (σi+1 , v(xi ), x)] Δx + o(x − xi ).

(31)

In [xi + Δxi , xi+1 ], the differential equation for speed evolution is
dv̂
= f1 (σi+1 , v̂, x).
dx

(32)

In addition, the variation of speed can be expressed in a differential equation as
d(δv)
= f1 (σi+1 , v̂, x) − f1 (σi+1 , v, x)
dx
∂f1 (σi+1 , v, x)
(v̂ − v) + o(v̂ − v)
=
∂v
∂f1 (σi+1 , v, x)
δv.
∂v
Fig. 4.

Variational of the speed profile.

B. Derivation of the Switching Locations
Here, an approximate gradient information dJ/dΓ will be
calculated for the exterior point method. First, formulate the
cost function on [xi , xi+1 ] as
x
i+1

Ji =

(26)

i=0

δv(x2 ) = δv(x1 )Tk (x1 , x2 ),

xk ≤ x1 ≤ x2 ≤ xk+1 .
(34)

x ∈ [xi +Δxi , xi+1 ]
(35)

δv(x) = δv(xi +Δxi )Ti (xi +Δxi , x),
and for k = i + 1, . . . , N − 1, we have

Therefore, the total cost is
J=

Let us introduce a state transition function Tk (x1 , x2 ) for differential equation (d(δv)/dx) = (∂f1 (σk+1 , v, x)/∂v)δv, k =
i, . . . , N − 1 as follows:

The speed variable in (33) can be formulated as

Lσi (x, v)dx.
xi

N
−1


(33)

Ji =

N
−1


x
i+1

Lσi (x, v)dx.

δv(x) = δv(xk )Tk (xk , x),
(27)

i=0 x
i

According to (8) and (9), the speed evolution is reformulated as
dv
= f1 (σi , v, x),
dx

x ∈ [xk , xk+1 ].

(36)

The cost function can be rewritten as
Jˆ =

N
−1


Jˆj

j=0

x ∈ [xi , xi+1 ].

(28)
=

In the following content, the variational method is adopted to
calculate the partial derivative ∂J/∂xi . First, given a positive
disturbance Δxi to switching location xi , this disturbance will
cause a new speed profile, which is denoted as v̂ [see Fig. 4(a)].
In [xi , xi + Δxi ], write the Taylor expansion of the new
speed profile as
v̂(x) = v(xi ) + f1 (σi , v(xi ), x)(x − xi ) + o(x − xi ). (29)
The corresponding variation to the speed profile is
δv(x) = v̂(x) − v(x)
= v̂(x) − (v(xi ) + f1 (σi+1 , v(xi ), x)
× (x − xi ) + o(x − xi ))
= [f1 (σi , v(xi ), x) − f1 (σi+1 , v(xi ), x)]
× (x − xi ) + o(x − xi )

N
−1


(30)

xj+1

xi
+Δxi

Lσj (x, v̂)dx +

j=0, j =i x
j
x
i+1

Lσi (x, v̂)dx
xi

Lσi+1 (x, v̂)dx.

+

(37)

xi +Δxi

Then, we expand it at the original speed profile v(x) with the
Taylor series and obtain the disturbance of cost in (38). According to (31) and (36), when we take Δxi → 0, the disturbance of
cost in (38) can be expressed as (39), as shown in
ΔJ = Jˆ − J
xi
+Δxi

∂Lσi+1
∂Lσi
−2
=
δvdx
∂v
∂v
xi
⎫
⎧
x
⎪
N
−1 ⎪
⎬
⎨ j+1 ∂L

σj+1
δvdx + o(δv)
+
⎪
⎪
∂v
⎭
j=i ⎩
xj

(38)
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∂Lσi+1
∂Lσi
−2
=
δvΔxi
∂v ⎧
∂v
⎫
xj+1
⎪
⎪
N
−1
⎬
⎨

∂Lσj+1
δvdx + o(Δxi )
+
⎪
⎪
∂v
⎭
j=i ⎩

(Δxi → 0)

xj

= (f1 (σi , v(xi ), x) − f1 (σi+1 , v(xi ), x))
 N −1 xj+1


∂Lσj+1  j−1
Πk=i Tk (xk , xk+1 )
× Δx
∂v
j=i x
j

× Tj (xj , x)dx

+ o(Δxi )

(f1 (σi , v(xi ), x) − f1 (σi+1 , v(xi ), x))
x

i+1
∂Lσi+1
Ti (xi , x) dx + o(Δxi ).
× Δx
∂v

(39)

(40)

xi

In practice, the disturbance of speed in (36) always decays
dramatically. An approximate expression for the disturbance of
speed is

δv(xi + Δxi )Ti (xi , x), x ∈ [xi , xi+1 ]
δv(x) =
(41)
0,
x ∈ [xi+1 , xN ]
and the disturbance of cost in (39) can be further simplified as
in (40).
Finally, the derivative of the cost function with respect to the
switching locations xi can be approximately formulated as
∂J
= [f1 (σi , v(xi ), x) − f1 (σi+1 , v(xi ), x)]
∂xi
x
i+1

×

∂Lσi+1
Ti (xi , x)dx
∂v

(42)

xi

where i = 0, N as the initial and terminal instants are fixed. In
addition, the second-order gradient information ∂ 2 J/∂ 2 xi can
also be calculated based on the given result (see [40]).
V. O PTIMAL D RIVING W ITH F IXED T RAVEL T IME
For optimal driving, there still are three constraints to be
satisfied, namely, initial constraints in (13), speed limitation in
(14), and the terminal condition in (15). Given trip time T , we
extend the cost function in (16) as
⎞2
⎛
xi
xi


N
N

1
⎟
⎜
dx − T ⎠ . (43)
Lσ (v, x)dx + γ ⎝
JE =
v
i=1
i=1
xi−1

xi−1

Here, γ is a penalty factor that can force the speed profile to
satisfy the trip time constraint.
As the boundary conditions are difficult to satisfy in unidirectional calculation, a forward integration is adopted to
calculate the speed profile in traction and cruising stages, and a
backward integration is adopted to calculate the speed profile
in the braking and coasting stages. Therefore, the boundary
conditions are held through picking appropriate initial values

Fig. 5.

Forward profile and backward profile.

in both integrations, and the two profiles meet at a switching
location xl (see Fig. 5).
The extended gradient in the forward profile is
⎡
x
i+1
∂JE
∂Lσi +1
⎢
Ti (xi , x)dx
= (f1 (σi , xi ) − f1 (σi+1 , xi )) ⎣
∂xi
∂v
xi
⎞
⎤
⎛
x
x
i+1
i


l
1
1
⎟
⎥
⎜
dx − T ⎠
Ti (xi , x)dx⎦ (44)
−2γ ⎝
v
v2
k=1x
i−1

xi

with 0 < xi < xl .
The extended gradient in the backward profile is
⎡
xj−1
∂Lσj −1
∂JE
⎢
Tj (xj , x)dx
= (f1 (σj+1 , xj )−f1 (σj , xj )) ⎣
∂xj
∂v
xj
⎤
⎞ xj−1
⎛
xi−1

l

1
1
⎥
dx − T ⎠
Tj (xj , x)dx⎦ (45)
−2γ ⎝
v
v2
k=N x
i

xj

with xN > xj > xl . Note that xl is the meeting location,
and the gradient ∂JE /∂xl is not defined here. Additionally,
when the speed profile violates the limitation in (14), it only
forces the profile below the permission speed.
In this paper, a gradient-based exterior point method is
proposed to optimize the driving strategy. The exterior point
method is a kind of a penalty method, and its initial value is not
necessary to be feasible. As it is difficult to pick an initial value
to satisfy the trip time constraint, the exterior point method is
reasonable here. The gradient information is used to guide the
evolution of solution (see [41] for the proof of its convergence).
The detailed procedure is given in Algorithm 1.
Algorithm 1 a gradient-based exterior point method.
Require:
track length X, travel time T
Ensure:
gear sequence Σ, switching locations Γ, energy cost J
1) determine the cruising gear σ ∗ with
vσ∗ −1 ≤ X/T ≤ vσ∗
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TABLE I
PARAMETERS OF CRH-3

2) fix the initial gear sequence
Σ = {1, . . . , n, n − 1, . . . , σ ∗ , −m, −m + 1, . . . , −1}
3) initialize the switching locations and iterative label k
Γ0 = [x1 , x2 , . . . , xN −1 ]T , k = 0
4) solve speed profiles using a fourth-order Runge–Kutta
method
• forward profile in [x0 , xl ] with v(x0 ) = 0
• vi (x) = ode45(fσi , [xi−1 , xi ], v(xi−1 )) , i = 1, . . . , l
• backward profile in [xl , xN ] with v(xN ) = 0
• vj (x) = ode45(fσj , [xj , xj−1 ], v(xj )), j = N, . . . ,
l+1
5) calculate the gradient information with (44), (45)
∂JE ∂JE
dJE
∂JE
=
,
,...,
dΓk
∂x1 ∂x2
∂xN −1

TABLE II
PARAMETERS OF G EARS

T

6) update the switching locations
Γk+1 = Γk + h

dJE
dΓk

T

7) get the cost function Jk+1 with (43)
8) evaluate the terminal condition
"
"
" Jk+1 − Jk "
"
"
" Jk+1 " ≤ δ
9)
10)
11)
12)

repeat
steps 4, 5, 6, 7, and 8
until the terminal condition is satisfied
return Σ, Γ, J

Remark 2: As the magnitude values of the energy term and
the time term in the cost function are dramatically mismatched,
the gradient-based algorithm proposed here may oscillate seriously. First, a large initial penalty factor γ can quickly force
the speed profile to satisfy the journey time constraint. Then,
the energy consumption is minimized with an increased penalty
factor. Therefore, the penalty factor in this algorithm should not
been tuned in a strictly increasing order.
Remark 3: In this algorithm, the gear sequence is fixed with
a priori knowledge of train driving. In fact, it can also calculate
the optimal switching locations for an arbitrary feasible gear
sequence.
A. Case Study
Here, the optimal driving for the high-speed electric train
CRH-3 is studied, which is a version of the Siemens Velaro
high-speed train used in China. A track interval is chosen on the
Beijing–Tianjin Intercity Railway with length L = 72 km and
the travel time is fixed as T = 1200 s. The main parameters of

CRH-3 are listed in Table I. The maximum tractive and braking
forces are

300 − 0.284v
0 ≤ v ≤ 119.7 km/h
Fmt =
266 × 119.7/v 119.7 ≤ v ≤ 300 km/h (kN )

−300 + 0.281v
0 ≤ v ≤ 106.7 km/h
Fmb =
−270 × 106.7/v 106.7 ≤ v ≤ 300 km/h (kN ).
The resistant and frictional forces are summarized in the term
r(v). The frictional force is mainly an adhesive force caused by
the contact between the wheel and the track surface, and the
resistance consists of bearing or resistance, flange resistance,
and aerodynamic resistance. Here, we adopt the experiential
expression in [16] as
r(v) = 6.4M +130q+0.14M v+[0.046+0.0065(p−1)] Av 2
(46)
where M is the actual mass in tons, q is the number of axles,
p is the number of cars in the train, and A is the frontal area in
square meters. Substituting the parameters of CRH-3 in Table I
into (46), the sum of the resistant and frictional forces can be
expressed as
r(v) = 6774.4 + 57.19v + 0.8235v 2

(47)

where v is the speed in kilometers per hour and r(v) is the
resistance in newtons.
In practice, the gear number of a high-speed train is more
than 8 or even 13. For simplification of computation, it is
assumed that the high-speed train works in four tractive gears
and four braking gears. The properties of each gear are shown
in Table II. Fmt is the maximum tractive force and Fmb is
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Fig. 6. Minimal-energy and maximal-energy driving profiles with travel time
T = 1200 s.

the maximum braking force. Brake gear −1 is taken as mechanical braking without energy feedback; therefore, its energy
efficiency is zero.
As the average speed is v̄ = 72000/1200 = 60 m/s, the
cruising gear is first fixed as 2 by v1 < v̄ < v2 . The initial gear
sequence is
Σ0 = {1, 2, 3, 4, 3, 2, 0, −4, −3, −2, −1}

Fig. 7.

Minimal-energy and maximal-energy driving gear sequence.

B. Some New Understanding

and we assign an arbitrary switching locations as
Γ0 = {1000, 3570, 8050, 21800, 31800, xl ,
67200, 68200, 70400, 71600}m .
Here, the meeting location of forward and backward profiles is
xl = 65 283 m. With the given initial speed profile and travel
time T , apply the proposed algorithm to calculate the minimalenergy driving as
Σmin = {3, 4, 3, 0, −4, −3}
Γmin = {14013, 15151, 56921, 70049, 70429}m .
The minimal energy consumption is Emin = 5.676 × 109 J.
On the other hand, the worst driving is also interesting with a
given travel time and gear sequence. Using the negative gradient information in (44) and (45) calculates the maximal-energy
driving under the same travel time. The switching locations and
gear sequence are listed as
Σmax = {1, 2, 3, 4, 3, −4, −3, −2, −1}
Γmax = {223, 3296, 7877, 22582, 65401,
68121, 70963, 71997}m .
The maximal energy consumption is Emax = 6.953 × 10 J.
The speed profiles and gear sequences for the two drives are
shown in Figs. 6 and 7. It is found that some unnecessary gears
are discarded in tractive and braking stages, and the coasting
range is extended in minimal-energy driving, whereas the opponent phenomenon appears in the maximal-energy driving.
9

From the different driving strategies, this paper obtains the
following interesting comprehension for high-speed electric
train driving. First, with a given travel time, the best and worst
driving strategies may have a huge difference on energy consumption. For example, in the case study earlier, by fixing the
travel time T = 1200 s, the best driving saves 18.37% energy
compared with the worst driving. Second, in the tractive stage,
the gears with the highest efficiency will be considered first.
The gear with the maximal effort is introduced to satisfy the
travel time constraint, e.g., the fourth tractive gear. Third, the
highest efficiency braking gear is not necessary in the braking
stage, and a lower efficiency gear may be the better compromise
between the energy feedback and the travel time constraint.
Finally, to stop the train, the coasting gear is always the better
choice than any braking gear. Intuitively, the regenerative braking should be the first choice in the braking stage. However,
in the case study given, the coasting stage is extended in the
minimal-energy driving, whereas it is discarded in the maximalenergy driving. In fact, as long as the regenerative braking
cannot completely feed back the kinetic energy, the coasting
is the most efficient way to stop the train.
VI. R ELATIONSHIP B ETWEEN E NERGY
C ONSUMPTION AND T RAVEL T IME
Earlier, the energy consumption of driving is minimized under the constraint of a fixed travel time. What will happen if we
give up the fixed travel time? Intuitionally, reducing the travel
time causes the energy consumption in driving to increase, and
extending the travel time provides a possibility to consume less
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It turns out that energy consumption is a hyperbolic function
of travel time, which means that the energy cost increases for
each reduced unit of travel time. It is very useful to introduce
the concept of marginal power to measure the energy cost of
travel time cutting, which is defined as the energy consumption
for every second cut in travel time, i.e.,
Pm =

ΔE
.
ΔT

(52)

Based on (51), the marginal power for CRH-3 can be approximately formulated as
Pm (T ) = −205.88

Fig. 8.

Relationship of journey time T and energy consumption E.

energy in driving. The work in [42] first discusses the conflicted
relationship between energy consumption and travel time, and
then introduces the Pareto efficiency into train driving. In
[43], Pareto curves for high-speed train driving are investigated
via computer simulation. In addition, the tradeoff relationship
in train driving is investigated in [44]. Here, we investigate
the quantitative relationship between energy consumption and
travel time.
In general, it is difficult to get an analytical expression
between energy consumption and travel time on a given track.
Among the four stages of the driving process, the cruising
stage usually consumes most of the energy on a long track,
whereas the energy consumption of the other three stages are
relatively constant. When denoting the length of the cruising
stage as Xc and its running time as Tc , the average speed in
cruising is
Vc =

Xc
.
Tc

(48)

In the cruising stage, the energy is mainly used to resist force
r(v). Therefore, the energy consumption in the cruising stage
can be expressed as
Ec = r(Vc )Xc .

(49)

When the track line is long enough, it is reasonable to use (48)
and (49) to approximately express the conflicted relationship
between energy consumption and travel time on the whole
line, i.e.,

X
E=r
X.
(50)
T
For example, taking the r(v) in (47), the energy consumption
of CRH-3 can be expressed as (see Fig. 8)
E = 6774.4X + 205.88

X3
X2
+ 10.67 2 .
T
T

(51)

X2
X3
− 21.34 3 .
2
T
T

(53)

This is similar to the marginal benefit in economics. From
the passengers’ perspective, shortening the travel time is always
a good thing. However, unwisely reducing the travel time is
unreasonable in some situation because the energy consumption
may sharply increase with respect to each unit of travel time cut.
On the other hand, a train operator always intends to extend
travel time to save energy. With the help of marginal power, it
is possible to evaluate the energy cost of changing the recent
travel time and to find a tradeoff scheme.
VII. C ONCLUSION
In this paper, the optimal driving for high-speed electric
trains has been investigated. A hybrid system model for trains
is presented to satisfy the new properties of high-speed electric
trains, which includes the extended speed range, the operated
gears with energy efficiencies, and regenerative braking. With
the gear sequence fixed by a priori knowledge, the optimal
driving for the high-speed electric train turns out to be a
nonlinear optimization problem. Because there is no explicit
expression of energy cost with respect to switch locations, an
exterior point method is proposed to calculate the minimal- and
maximal-energy driving strategies. In the minimal-energy driving, the most efficient gear dominates the tractive and cruising
stages, whereas the highest speed gear is adopted to satisfy the
travel time constraint. Contrary to the intuitive understanding,
coasting is more efficient than regenerative braking in the case
study. At last, the concept of marginal power is introduced to
evaluate the efficiency of changing the travel time. A reasonable
travel time is definitely the best way to save energy in highspeed train driving. There are still some future works about
high-speed train driving. For example, this paper just treats
the energy efficiency as the constant values because of the
bottleneck of computation amount. An efficient and powerful
optimization algorithm is urgently needed in the future.
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