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ABSTRACT

The problem of communicating sensor readings over a mul-
tiaccess channel for detecting a target is considered. A nat-
ural way of communication in target detection is to let sen-
sors simultaneously transmit one of two predetermined fre-
quency tones indicating whether the target is detected or
not. Recently, this scheme has been generalized to consider
non-binary sensor observations by letting sensors simulta-
neously transmit orthogonal waveforms depending on the
value of their observations—Type-Based Multiple Access
(TBMA). TBMA was shown to be asymptotically optimal
in terms of detection-error probability under the idealistic
assumptions that the sensor channel gains are identical, and
the sensor data are conditionally independent and identi-
cally distributed (i.i.d.). In this paper, TBMA is analyzed
in a more general framework by considering non-i.i.d. data
and non-identical channel gains. An asymptotically optimal
detector is proposed and its error-exponents for detection
probabilities are characterized using tools from large devi-
ations theory. Numerical simulations are used to demon-
strate that the error exponents provide reasonably accurate
estimates of the performance of TBMA.

1. INTRODUCTION

We consider the problem of media access communication
between sensor nodes and a fusion center. We consider a
group of n sensors transmiting their data to the fusion cen-
ter over a multiaccess channel (MAC). An important step
in formulating this problem is modelling the sensor data.
In general, sensors observe real-valued data. For practi-
cal purposes, however, the observations are generally quan-
tized before communication. In this paper, we do not deal
with how the quantization is done, and assume that the data
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X; € {1,--- ,k} of sensor i is already quantized to k pos-
sible levels. In target detection, sensors may quantize their
data to two levels indicating whether target is detected or
not. In parameter estimation, X;’s may model quantized
measurements.

We use notation § € R to denote the parameter to be
detected. The parameter can be discrete in case of target de-
tection (i.e., , 0 € {0, 1} indicating the existence of target).
Sensor data are statistically correlated, since nearby sensors
tend to have correlated observations. A simple model for
sensor data incorporates the conditionally i.i.d. assumption:

X1, , X, i'riff'pg given 6, )

i.e., given the parameter 6, the sensor data X1, --- , X, are
conditionally i.i.d. according to a probability mass function
(pmf) pg = (po(1), -+, po(k)).

An interpretation of the conditionally i.i.d. assumption
is that each sensor observes the same parameter 6, but with
i.i.d. observation noise. The conditionally i.i.d. assumption
is applicable in some scenarios, while in some others it is
not. For example, it does not hold if the node observations
have varying degrees of reliability. Furthermore, condition-
ally i.i.d. assumes that the sensed area is uniform, i.e., the
parameter does not vary in the observed area. In case the
sensor observations come from a wide area with heteroge-
nous parameter values, the model (1) needs to be general-
ized.

1.1. Type-Based Multiple Access

We deal with the transmission of sensor data Xy, --, X,
over a multiaccess channel. It is assumed sensor ¢ has chan-
nel gain h; € R,' which does not vary during the course of
transmission. In this paper, we shall be primarily interested
in the following scheme, which will be called Type-Based
Multiple Access (TBMA).

'The results of this paper can be generalized to complex-valued
channel gains with minor changes.



Let sy, -, s, be a set of k predetermined orthonormal
waveforms. In the TBMA scheme, sensor ¢ transmits the
waveform sx, corresponding to its observation X; with a
certain energy F, i.e., it transmits v/ E's x, - Due to the addi-
tive nature of wireless medium, the fusion center receives

Z:Zhi\/ESX,; + w, 2)
i=1

where w is white Gaussian channel noise with o2 /2 power
spectral density.

The motivation for TBMA arises from the special case
that the sensor data are conditionally i.i.d. and sensor chan-
nel gains are identical (say, h; = 1,V%). In this case, the
received signal becomes

k
2= VEN;s; +uw, 3)
j=1

where N; = 3" | 1(X; = j) is the number of sensors that
observe symbol j. After matched filtering by sy, - - , s, it
can be seen that z contains a noisy version of the histogram
of sensor observations. The basic idea in TBMA is to de-
tect the target (or estimate the parameter) from this noisy
histogram.

1.2. Related Work and Our Contribution

Estimation/detection over multiaccess channels has attracted
considerable attention recently. TBMA has been proposed
by the authors [1] and by Liu and Sayeed [2], independently.
Works prior to TBMA (e.g.,[3, 4]) assumed that each sensor
is allocated an orthogonal channel to transmit its observa-
tion as in TDMA, FDMA or CDMA.

Several asymptotic optimality properties of TBMA have
been proved under the assumption of conditionally i.i.d. data
and identical channel gains [1, 2, 5]. Similarly, it has been
shown in [2, 5] that TBMA achieves the best error expo-
nent in target detection. The intuition behind these opti-
mality results is that the effect of noise w on z (eqn. (3))
becomes negligible as n—oo. As a result, the asymptotic
performance of TBMA is as if the fusion center has direct
access to histogram, which is sufficient to get optimal per-
formance. Thus, the main conclusion that can be drawn
from [1, 2, 5] is that the asymptotic performance of TBMA
is as if the fusion center has direct access to X1,--- , X, in
case of conditionally i.i.d. data and identical channel gains.

In other orthogonal approaches such as TDMA, the band-
width requirement grows linearly with n. In TBMA, how-
ever, the bandwidth requirement is independent of n—only
k orthogonal dimensions are needed. This implies that TBMA
is significantly more bandwidth efficient than other orthog-
onal allocation methods, when the number of sensors, n, is

large compared to k. This is likely to be the case in a target
detection scenario with binary sensor observations (k = 2).

In this paper, we first propose a detector that is asymp-
totically optimal in terms of providing the best error ex-
ponent in Bayesian hypothesis testing. Next, we provide
an error exponent analysis of the TBMA scheme with i.i.d.
random channel gains and conditionally i.i.d. data. In par-
ticular, we show that for the case that the channel gains
hi,--- , hy, have non-zero mean, the detection error prob-
abilities decay exponentially with n. Numerical simula-
tions are provided to compare the performance of TBMA
with other orthogonal allocation methods. We also provide
a general characterization of the detection error exponents
for non-i.i.d. channel gains and data using large deviation
theory.

Organization of the paper is as follows. In Section 2, we
review some results of large deviation theory and propose
the minimum-rate detector. In Section 3, error exponents
for i.i.d. channel gains and conditionally i.i.d. data are
provided and analyzed. Next, the error exponents for the
general (non-i.i.d.) case are provided. In Section 4, some
examples and simulation results are presented. Section 5
concludes the paper.

2. LARGE DEVIATIONS AND THE
MINIMUM-RATE DETECTOR

In this section, we are interested in the hypothesis testing
problem

H030:00VS. H1:0:01. (4)

Consider the TBMA scheme with received signal z. Upon
reception of z, the fusion center decides on whether Hg or
'H is true. For a given decision rule at the fusion center, let
a = Pr{Ho — ™M} denote the probability that H; is de-
cided although H, was true. Notation 5 = Pr{H; — Ho}
is defined analogously. The « and (3 are generally called
Type-I and Type-II error probabilities in literature. We will
use the notations «,,, 3,,, when the dependence on n needs
to be made explicit. In this paper, we will be primarily in-
terested in characterizing the error exponents? (i.e., the rate
of decay)

— lim 1 log o, — lim 1 log Gy, %)
n—oo N n—oo M
of the Type-I and Type-II error probabilites in various situ-
ations of interest.
In the TBMA scheme, the statistic used for hypothesis
testing is the inner product (notation (-, -)) between z and

2Throughout the paper, the notation log refers to the natural
logarithm.



the waveforms sy, - - - , si. Let

1 T
= —|(z,81) -+ (2,s (6)
v o= elias) o (]
1o N
= =) hiex, + 1, (7)
n “
=1
where eq, - - - , e are the standard basis vectors, and w ~

N (0, g—;[ ). In order to compute asymptotic error proba-
bilities, we need to understand the asymptotics of the ran-
dom vector y. The theory of large deviations characterizes
the probability of large excursions of y from its “mean” be-
havior by quantifying by the so-called rate function, which
is defined below.

Definition For a set B C R*, let int(B) denote the inte-
rior of B and cl(B) denote the closure of B. The sequence
of random variables y for n = 1,2,--- is said to satisfy
the large deviations principle with rate function I if for any
measurable set B

1
— inf I(z) < liminf—logPr(y € B)
zelnt(B) n—oo 1

1
< limsup - logPr(y € B) (8)

n—oo

< — inf I(x),

zecl(B)

where I : R¥ — R, U {oo}. The effective domain of the
function I is defined as Dy = {z : I(z) < oo}.

Remark 1: The sets of interest B in hypothesis testing
mostly satisfy the so-called I-continuity property:

inf I(z), )

inf I(x)=
zecl(B)

zeint(B)

which implies

1 .
nlingo - logPr(y € B) = Ilg]f__} I(x).

The rate function I admits the following interpretation.
For an integer k and r € R¥, let B.(r) be the open ball in
R¥ centered at r with radius e > 0. If I is continuous in the
interior of its domain Dy, then it satisfies the condition in
Remark 1 for all balls B = B.(r) inside D;. The essence
of the large deviations principle is that?

Pr{y € B.(z)} = e "U@+0©) = 4 cint(D;), (10)

where O(e) is a function that goes to zero as e—0. In other
words, the probability that the y turns out to be in the close
vicinity of 2 behaves as e~/ (#).

3The “=” notation in (10) means lim, % logPr{y €
B(z)} = —n(I(x) + O(e)). This notation should be understood
similarly in the rest of the paper.

We will consider the detection error exponents with the
ML detector. The exact computation of the likelihood func-
tion of y, however, is generally intractable in our setup. To
alleviate the problem, we propose a variant of the ML detec-
tor as follows. Suppose y satisfies LDP with rate function
I; under hypothesis 6 = 6,. We define the minimum-rate
detector as the decision rule with decision regions

Lo ={zeRF: Iy(z) < Ii(x)}, T1=RF\Ty (11)

Here, the detector decides that Hy is true if e~ o) >
e~1(¥) holds (i.e., the asymptotic likelihood of y under
‘Ho is higher). The decision region I'; can be interpreted
similarly. We expect the error exponents of this detector to
be same as that of the exact ML detector.

Suppose we restrict ourselves to the class of detectors C
based on y alone (and not on n directly). Define a detector in
C to be max-min optimal if it maximizes the minimum of the
Type-I and Type-II error exponents amongst all detectors in
C. Note that if a detector is max-min optimal, then it also
has the best exponent for probability of error in a bayesian
setting since the probability of error decays exponentially
with the lower of the Type-I and Type-II exponents (the so
called worst exponent wins rule [6]). Next, we provide some
results on the asymptotic performance of the minimum-rate
detector.

Theorem 1 Suppose that y satisfies the LDP principle with
rate functions Iy and I under hypthesis 0 = 0y and 0 = 6,
respectively. Let Iy (defined in (11)) be 1;-continuous and
T’y be Iy-continuous (eqn. (9)). Then,

i) The minimum-rate detector is max-min optimal in C.

ii) The error exponents of the minimum-rate detector are
given by

1
— lim —1 n = inf I , 12
A ylosen =l fote) (2
1
— lim —logfB, = inf Ii(z). (13)
n—oo 1 z€ly

If the infimums in (12) and (13) are attained at the boundary
oIy = {x : Ip(x) = I1(x)}, then the exponents of o, and
B are the same and equal to

= inf .
K wé%f‘l IO(J;)

Proof Refer to [7].
Next, we will characterize the rate functions of y under

varying assumptions on the data and channel statistics.

3. ERROR EXPONENTS IN FADING CHANNELS

3.1. Conditionally i.i.d. data and non-zero mean i.i.d.
channels

Let Xy, -+, X, be conditionally i.i.d. with pmf py. Sup-
pose that the channel gains hq,--- , h,, are i.i.d. and inde-



pendent of X, --- , X,,. In this section, we will show that
the error probabilities «,,, [3,, decay exponentially with the
network size n under the condition that the channel gains
have non-zero mean h := E(h;) with the minimum-rate de-
tector.

From the law of large numbers and Slutsky’s Theorem
[8], it follows that in this case

y—E(hiex,) = hp, (14)

in probability as n—oo, where pg is viewed as a vector
[pa(1) -+ pe(k)]T. Hence, for large n one would expect
to have y =~ hpy, under hypothesis H;. Detection errors
typically happen when y is close neither to hpg, nor to hpy, .

The next theorem characterizes the rate function of y.
We adopt the following notations from [9]: D(Q||P) de-
notes the relative entropy between the probability density
functions (pdfs) @2 and P. For random variables X and Y,
D(Y||X) denotes the relative entropy between the pdfs of
Y and X.

Theorem 2 Suppose that the moment generating function
of hi, ho,- - - satisfies

©(t) = Ee™ < 00, VteR. (15)
Let Ij, : R—R U {00} be the function defined as

In(r) = E'Ei%f)i D(h||h;), r€R,  (16)

where the minimization is over real valued random vari-

ables h. Similarly, define I : R¥ =R, U {oc}

k
. . _ T
I@) = wH{D@lpo) + 3 piln(5H} (D)
j=1 /
for each x € R¥, where the minimization is over all proba-
bility vectors p € RF. Then, y satisfies the large deviations
principle with the rate function I.

Proof The proof uses the Gartner-Ellis Theorem presented
in Section 3.2. For details refer to [7].

3.2. Non-L.I.D. Data and Channels

In general as mentioned before, sensor observations and
channel gains may be dependent. In this section, we provide
a generalization of the results of Section 3.1 for possibly de-
pendent and not identically distributed data and channels.

Let {(X;, hi)}2, = {(X1,h1), (X2, ha), -} be a se-
quence of {1,--- , k} x R valued random vectors. The dis-
tribution of {(Xj;, h;)}32, is determined by whether H; or
‘H is the correct hypothesis. Let

o(t) =Ee!¥) teRF neN

be the moment generating function of y. The following the-
orem generalizes Theorem 2.

Theorem 3 (Gartner-Ellis Theorem [6]) Suppose that

1
lim —log(nt) = A(t), VteRF (18)
n—oo M
exists as an extended real number. If A is an essentially
smooth, lower-semicontinuous function,4 then, y satisfies
the Large Deviations Principle with rate function

A*(x) = sup[(z,t) — A(t)], = €R"

teRE

The function A* is called the Legendre Transform of A.

Remark 3: The above theorem does not require any in-
dependence, etc. assumption on the sequence {(X;, h;)}52,.
It only needs the existence of the asymptotic log moment
generating function (mgf) (18) and its continuity, smooth-
ness. Theorem 3 also characterizes the error exponents of
the proposed minimum-rate detector.

4. EXAMPLES AND SIMULATION RESULTS

4.1. ON/OFF Channels

Consider the ON/OFF channel, i.e., h; is Bernoulli {0, 1}
distributed with mean h. For this scenario, Iy, (-) is the rela-
tive entropy function between two Bernoulli variables. Us-
ing the Lagrange multipliers method, it is easy to get

- X 1-X
I(z) = XD(Z|ps) +Xlogﬁ + (1 - X)log T
where X = h Zle xjand T = z/(Zle x;). Using The-
orem 1, the error exponent of «, is obtained as

* *

1-X
1— X*)log ——, (19
+( )log ———, (19)

X
n=X"C+ X"log A

where

k

. A (1A

C = orgn,\ngl1log(,§:lp6°(])p91 (4))
=

is the so-called Chernoff information [9], and X* = he® /(1—
h+ he®).
Simulation results for the hypotheses
Ho : X; ~ pg, = [0.80.2], Hy:X; ~ pg, =[0.20.8]

(20)

are given in Fig. 1. The LD (Large Deviations) estimate

refers to e~™7. SNR = E /o2 = 3dB. For the other orthog-

onal method (TDMA), the antipodal constellation and the

ML detector based the received signal are used (not based

on decoded symbols). Some remarks are in order:

4See [6] for precise meanings of these terms.



i) In the On/OFF channel, unlike the minimum-rate de-
tector, the exact ML detector is computationally intractable.

ii) TBMA outperforms the TDMA scheme in channels
with non-zero mean.

iv) The Chernoff information C' is the optimal expo-
nent obtained when the fusion center has direct access to
Xy, , X, [9]. From (19), it is seen that n—C' as h—1.
In other words, the asymptotic performance of the TBMA
scheme approaches the optimal one as the channel fading
disappears.

ON/OFF Fading; h=0.5, H0=[0.8 0.2], H1=[0.2 0.8]

—— HDMA
—— LD Estimate
—— TDMA

alpha

0 20 40 60 80 100
No. of nodes

Fig. 1. ON/OFF channel with binary observations.

4.2. Gausssian Channels

Suppose that hq,--- , h, are i.i.d. Gaussian with certain
mean and variance. Depending on the mean, variance and
Do,’s the Gaussian channels present a rich set of behaviors.
In the Gaussian channel h; ~ N(u1, 0%) with binary obser-
vations, the vector y has a mixed Gaussian distribution, and
the likelihood function of y can be computed numerically,
unlike the situation, for example, in ON/OFF channels.

Gaussian Fading; h-N(1,0.5), p,;=[0.8 0.2], p,=[0.2 0.8]

— TBMA
—— LD estimate
—— TDMA

Type-I error probability ((xn)

—3 L L L L
0 10 20 30 40 50
Number of nodes (n)

Fig. 2. Non-zero mean Gaussian channel.

Figure 2 shows the error probabilities of TBMA and
TDMA schemes when the channel has non-zero mean (. =
1, 0,% = 0.5, SNR = —20dB). The large deviations estimate
of v, is rather coarse in this channel; the slope of the curve

e~ "™ appears to be same as the slope of «,,, however there
is a non-vanishing gap between e~ and «v,. The TBMA
error performance again outperforms TDMA.

5. CONCLUSIONS

In this paper, we have considered the transmission of sen-
sor observations over a multiaccess fading channel for the
purpose of detection. We analyzed the performance of the
Type-Based Multiple Access using large deviations theory.
An asymptotic version of the Maximum Likelihood detector
is proposed, and its error exponents are characterized. Sim-
ulation results are presented to validate the theoretical find-
ings and check the accuracy of the large deviations approx-
imations. For the detection scenarios considered, TBMA is
significantly more bandwidth efficient than the conventional
approaches such as TDMA, FDMA, CDMA.
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