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Abstract — In this paper, we analyze the stabil-

ity behaviour of wireless networks in case of bursty

arrivals. By modelling the channel as a general mul-

tipacket reception channel, random reception errors

and multipacket receiving nodes are considered. For

an arbitrary network with a given stochastic arrival

process, the class of static protocols is introduced, and

it is shown that every rate inside the stability region

can be achieved using such protocols. The introduced

protocols admit very simple implementations in the

presence of a global scheduler, and this result empha-

sizes that the dynamic network protocols which are

widely studied in the literature and applied in prac-

tice do not increase the stability region of the consid-

ered wireless networks. We also make a connection

with the previously defined notions of network capac-

ity, and show that a network with bursty arrivals with

rate λ can be stabilized if and only if the existing pack-

ets at the source nodes can be carried away to their

destinations with rate λ almost surely.

I. Introduction

It is well known that an important issue neglected by the
classical information theory is the bursty nature of the packet
arrivals in real communication systems [1]. Even in multiuser
environment, the classical approach essentially assumes that
all the information exists in the sender nodes and the objective
of a communication network is to deliver the information with
a desired rate to the given destination. On the other hand,
in real networks the data arrives in bursts, and in many situ-
ations, including [3, 4, 5], the connections of random arrivals
with the network capacity yet remain unexplored.

As an exception to the described situation, the effect of
random arrivals was considered in [6, 7, 8], and the stability
of the network under the the slotted ALOHA medium access is
analyzed. In a network with random arrivals, stability ensures
that every generated packet arrives at its destination in finite
time, and it can be considered as the loosest kind of delay
constaint. Although, we have stability results in [6, 7, 8] for
some particular networks with the ALOHA protocol, it is not
known how one can achieve stability in an arbitrary wireless
network with arbitrary protocols.

In this paper, we analyze the stability conditions of a wire-
less network with random arrivals modeled by a stationary
and ergodic stochastic process. By using a generalized channel
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model, we also consider random reception errors and simulta-
neous multiple packet receptions. Furthermore, we charac-
terize a particular class of protocols which achieve every rate
inside the stability region. Our major finding is an equivalent
condition for stability in a network with non-bursty arrivals
in which the packets are assumed to exist in source nodes in
infinite number.

II. Network Model

In this paper, we consider fixed networks i.e., node mobility
is not considered. A network is modeled as an undirected
graph G = (N , E), where vertices N represent the nodes, and
there exists a link (a, b) ∈ E if node b ∈ N is within the
transmission range of node a ∈ N . Graph models can be
considered as an approximation of the planar models used in
the literature [3, 4, 5]. Assuming the transmission power of
nodes are identical, one can obtain the graph corresponding
to a planar network by finding out neighboring nodes (Figure
1).

Fig. 1: Nodes and transmission ranges in a planar network are

shown on the left. The right figure shows the corresponding graph.

Wireless channels experience strong time-dependent fading
and the communication quality is determined by the interfer-
ing transmissions and the obstacles in between nodes. Because
of these reasons, in general, the connectivity between two wire-
less nodes can not be represented as a fixed Boolean function.
We will consider the reception errors caused by channel im-
perfectons in a probabilistic way as described in the following
section.

II.A. Reception Model

It is assumed that the time is divided into fixed length slots,
and transmission of one packet takes a single slot. The nodes
can not transmit and receive at the same time. Each node
can transmit at most one packet at a time, and simultaneous
transmission of the same packet to multiple neighbors (i.e.,
broadcast) is not allowed. In each slot, a node can correctly
receive and decode a fraction of the number of transmissions
in its neighborhood. The reception probabilities are given by



the Receiver MPR Matrix C. The entries of the MPR matrix
C are given as

Cn,k = P [k packets are received | n packets are transmitted
in the neighborhood].

The receiver MPR matrix is defined and given as

C =

0B@C1,0 C1,1

C2,0 C2,1 C2,2

...
...

...
. . .

1CA . (1)

This channel model is general enough to model time-
varying fading channels (or in general channels with errors)
where fading is i.i.d. from slot to slot and the transmitter
does not have channel side information. This channel model
also accepts the conventional collision channel as a special
case. The corresponding MPR matrices for the channel with
errors Cp, the conventional collision channel C1 are given by

Cp =

0BBB@
1− p p

1 0 0
1 0 0 0
...

...
...

...
. . .

1CCCA ,C1 =

0BBB@
0 1
1 0 0
1 0 0 0
...

...
...

...
. . .

1CCCA ,

where p is the correct reception probability.
Note that this MPR formulation is quite simplistic and an

ideal one. In reality, the reception probabilities of the pack-
ets transmitted from different neighbors may be different. The
reception probabilities also depend on out-of-neighborhood in-
terference, and since the interference changes from slot to slot,
MPR matrix provides only an approximation of the reception
probabilities.

II.B. Packet Generation

Consider an ad hoc network composed of N nodes which are
represented using the set N . Every node in the network has
an infinite buffer for holding its packets. At time t the number
of packets at node s ∈ N with destination d ∈ N is denoted
by n

(s,d)
t . The total number of packets in the buffer of node s

is n
(s)
t =

P
d∈N n

(s,d)
t .

The slot t ∈ Z+ = {0, 1, 2, · · · } is defined as the half-open
interval (t, t + 1]. The network starts operation at time t = 0
where buffer of each node is empty. In slot t− 1, node s ∈ N
generates β

(s,d)
t packets randomly which are destined for node

d 6= s. As a convention we define β
(s,d)
t = 0, ∀t when s = d.

The packets generated in slot t − 1 are placed in the node
buffers at time t, and these packets can be transmitted only
in slots {t, t+1, · · · }. We suppose β

(s,d)
t is a strictly stationary

and ergodic stochastic process with finite mean. The packet
generation rate matrix is given as λ = [λ(s,d)]N×N such that

λ(s,d)
∆
= E{β(s,d)

t } = lim
t→∞

t−1
tX

m=1

β(s,d)
m a.s. (2)

In this paper, we do not consider the problem of multicast
i.e., each generated packet is destined for a single node. After
a transmission, if a packet is succesfully received by the next
node on the route of the packet, it is removed from the trans-
mitter’s buffer and put in the receiver’s queue. A packet is
removed from the network if and only if it is correcly received
by its destination.

slot t = (t,t+1]

tt−1 t+1 t+2

Fig. 2: In the slot t, the transmissions start at time instant t+. At

time t+1, the transmissions end, the correctly transmitted packets

are removed from the transmitter nodes’ buffers, and are either

removed from the network (if the receiver is the final destination

of the packet) or placed in the receiver node’s buffer. The newly

generated packets in slot t are also placed into the buffers at time

t + 1.

II.C. Protocols and Stability

The packets are identified by their destinations, otherwise they
are identical. For a given node a ∈ N , let V (a) = {b | (a, b) ∈
E} denote the neighboring nodes of a. Suppose (a, b, d) ∈
N 3 triple represents a packet transmission from node a to a
neighboring node b ∈ V (a) such that the destination of the
packet is d ∈ N\{a}. Define T = {(a, b, d) ∈ N 3} as the set
of all triples, and let P(T ) denote the power set of T .

We define a network protocol (or, simply, a protocol) as
follows. Suppose {Ut | t ∈ Z+} is a set of i.i.d. uniform[0,1]
random variables. A network protocol is specified by a set of
deterministic functions ft, t ∈ {0, 1, · · · }, such that the value
of ft shows the transmissions and receptions which take place
in slot t. Namely, ft is a deterministic function which maps
“all information up to time t” to one of the possible transmis-
sions in the set P(T ), i.e.,

ft : (n
(s,d)
i , β

(s,d)
i , Ui | (s, d) ∈ N 2, i = 0, 1, · · · , t) −→ P(T ).

We also suppose the following is satisfied,

(1) if (a, b, d) ∈ ft(·) then b ∈ V (a) and d ∈ N\{a}.
(2) if (a, b, d) ∈ ft(·) then n

(a,d)
t > 0.

(3) if (ai, bi, di) ∈ ft(·), i = 1, 2 and (a1, b1, d1) 6= (a2, b2, d2)
then a1 6= a2.

A network protocol is a general description of a combination
of MAC and routing protocols.

Definition For a network G = (N , E) whose protocol is spec-
ified, node s ∈ N is called substable if

lim
θ→∞

lim
t→∞

inf Pr{n(s)
t < θ} = 1. (3)

A node is called unstable if it is not substable. A network
is called stable if all nodes in the network are substable; it is
called unstable otherwise.

A packet generation rate λ is called achievable if there ex-
ists a protocol that makes the network stable. The stability
region of a network is the closure of the set of all achievable
rates. In the following we will show that the stability region
is well defined, in the sense that the achievability does not
depend on the specifics of packet generation process but only
its mean λ.

Theorem II.1 The stability region is well defined. Specifi-
cally, for a network G = (N , E), if a rate λ is in the interior
of the stability region, then there exists a protocol which makes
the network stable for any packet generation process with rate
λ.



Proof See Section IV.

For some simple networks the stability region can be ob-
tained easily. For instance, in a network with collision channel,
if all N nodes are connected to each other (i.e., the network
is fully connected), then the stability region can be shown to
be

{λ(s,d) |
X

(s,d)∈N2

λ(s,d) ≤ 1, λ(s,d) ≥ 0, λ(s,s) = 0, (s, d) ∈ N 2},

and a simple time division multiple access strategy achieves
all rates in the interior of this region. However, for more
complicated network topologies it may be very hard (or even
practically impossible) to find the stability region.

III. A Class of Capacity Achieving Protocols

In a general data network the packet delays significantly
depend on the applied routing and medium access protocol
[2]. The routing and the associated flow control algorithms
choose the routes dynamically in a way that the packets can
be sent reliably through the uncongested regions of the net-
work with minimum delay. Similarly, in a wireless environ-
ment, the medium access protocol can be designed to aid such
kind of congestion control. Although being attractive in terms
of packet delay, such protocols make decisions dynamically as
a function of the current network state, and they typically
require further up-to-date knowledge about the congested re-
gions of the network. Nevertheless, it might be expected that
application of such protocols provide larger network capaci-
ties.

In this section, we will prove that this expectation is wrong,
and as far as the network stability is concerned dynamic pro-
tocols does not provide any improvement. In the following, we
will retrict our attention to the class of static network proto-
cols, and provide an achievable rate region for such protocols.
An important advantage of the presented achievability condi-
tion is that it only depends on the mean of the arrival process,
and hence allows us to prove Theorem II.1. Static protocols
are simpler to implement in some ways, and although their
delay performance is not necessarily optimal, it will be shown
that every rate inside the capacity region can be achieved us-
ing static protocols.

III.A. Static Network Protocols

In a static protocol, every packet is assigned a fixed route
randomly, once it is generated. For medium access, in each
slot, one of the possible transmission settings is applied in an
i.i.d. way from slot to slot. Before introducing the routing and
medium access schemes precisely, we will give some definitions.

Definition A routing matrix R = [r(a,b,d)]N×N×N provides
a set of probability measures such that r(a,b,d) ≥ 0 denotes
the probability that the node b ∈ V (a) is chosen as the next
relay node of a packet whose route goes through node a and
whose final destination is node d. We suppose the following
conditions are satisfied:

(1)
P

b∈V (a) r(a,b,d) = 1 for d 6= a,

(2) r(a,b,d) = 0 if b /∈ V (a),

(3) r(a,a,a) = 1 and r(a,b,a) = 0, ∀b ∈ N\{a}.

s dn2

n1

n3

n4

n5

r(s,n1,d) = 0.2

r(s,n2,d) = 0.4

r(s,n3,d) = 0.4

r(n1,d,d) = 1

r(n2,n4,d) = 0.7

r(n2,n5,d) = 0.3

r(n3,n5,d) = 1

r(n4,d,d) = 1

r(n5,d,d) = 1

Fig. 3: An example routing pattern for the packet traffic from

node s to node d.

(4) For each source destination pair (s, d) there ex-
ists a route from s to d with non-zero probability,
i.e., there exists (ϕ1, ϕ2, · · · , ϕm) ∈ Nm such that
r(s,ϕ1,d)r(ϕ1,ϕ2,d) · · · r(ϕm,d,d) > 0.

(5) Routes do not contain loops, i.e., for all s, d ∈ N ,
s 6= d, there does not exist ϕ1, ϕ2, · · · , ϕm such that
r(s,ϕ1,d)r(ϕ1,ϕ2,d) · · · r(ϕm,s,d) > 0.

The routes of packets in a static network protocol is deter-
mined by a routing matrix R. Now, consider a source desti-
nation pair (s, d). Denote the set of all possible routes from s
to d with

R(s,d) ∆
= {(s, ϕ1, ϕ2, · · · , ϕm, d) ∈ Nm+2 |

r(s,ϕ1,d)r(ϕ1,ϕ2,d) · · · r(ϕm,d,d) > 0, m ∈ Z+}. (4)

In a static network protocol, once a packet generated at
node s to be send to node d, its route is assigned as
one of the possible routes in R(s,d) such that the route

ϕ
∆
= (s, ϕ1, ϕ2, · · · , ϕm, d) ∈ R(s,d) is selected with probability

Pr{ϕ} = r(s,ϕ1,d)r(ϕ1,ϕ2,d) · · · r(ϕm,d,d).

As an illustrative example, consider the network in Figure
3. For the source destination pair (s, d), possible routes are
given by

R(s,d) = {(s, n1, d), (s, n2, n4, d), (s, n2, n5, d), (s, n3, n5, d)},

and the probability of choosing each route is given as
{0.2, 0.28, 0.12, 0.4}, respectively.

For a given routing matrix, define l(a,b,s,d) as the probabil-
ity of a packet generated at s destined for d to pass through
the link from a to b on its route. More explicitly,

l(a,b,s,d)
∆
=

X
ϕ∈R(s,d)

Pr{ϕ}1{(s,ϕ1),(ϕ1,ϕ2),··· ,(ϕm,d)}(a, b).

The packets in a network employing a static network pro-
tocol is identified by their routes, all packets with the same
route are considered identical. Next, we will introduce the
medium access in a static network protocol, given the routing
matrix R and the packet generation rate matrix λ. Suppose

the pair a
tx−→b represents a packet transmission from node a

to node b. A schedule S is defined as a set of ordered pairs

S = {a tx−→b | a ∈ N , b ∈ V (a)} which shows all scheduled
transmissions in a slot. As a convention, a transmitter can
not be repeated twice in S, since transmitters can only trans-
mit one packet at a time.



The medium access scheme in a static network protocol is
specified by a probability measure M on the set of all possible
schedules. At the beginning of each slot one of the possible
schedules is selected randomly in an i.i.d. way, and that par-
ticular schedule is applied in that slot.

The queueing discipline in each node is as follows. In a slot

t, if the schedule S is applied and a
tx−→b ∈ S, node a flips a

random coin and chooses to transmit a packet with route ϕ
with probability

Pr{A packet with route ϕ is chosen | a tx−→b}
∆
=

λ(s,d)Pr{ϕ}PN
i=1

PN
j=1 λ(i,j)l(a,b,i,j)

, (5)

where (a, b) ∈ {(s, ϕ1), (ϕ1, ϕ2), · · · , (ϕm, d)} is satisfied. If
node a has a packet with route ϕ in its buffer, the packet is
transmitted, otherwise the node stays in the reception mode.
The nodes which are not scheduled as transmitters also stay
in the reception mode.

In a static network protocol, the events happening consec-
utively in each slot can be summarized as follows

• At the beginning of the slot, according to the probability
distribution M, a global schedule S is randomly chosen
to be applied.

• According to the chosen schedule, every node a which
is scheduled to transmit a packet to a node b chooses a
route ϕ randomly with the probabilities given by (5).

• If a scheduled transmitter has a packet with the chosen
route in its buffer, it is transmitted during the slot, oth-
erwise the node stays in the reception mode. The nodes
which are not specified as transmitters also stay in the
reception mode during the slot.

• At the end of the slot, correctly transmitted packets are
either removed from the network or moved from trans-
mitter to the receiver’s queue. Newly arriving packets
are placed in node buffers, a random but fixed route is
assigned to each of them according to the routing ma-
trix R.

III.B. A Sufficient Condition for Stability

Next, we’ll define the worst-case throughput of a schedule.
For this we suppose every node in the network has the same
the MPR matrix C. Define

Cn
∆
=

nX
k=1

kCn,k

which is the expected number of correctly received packets
given n packets are transmitted. Given S, the number of
transmissions in the neighborhood of b ∈ N is shown as

tx(b) = |{a | a ∈ V (b), c ∈ N , a
tx−→c ∈ S}|.

The throughput matrix of a schedule S is defined as T(S) =
[tS

(a,b)]N×N such that

tS
(a,b) =

( Ctx(b)
tx(b)

a
tx−→b ∈ S, and @ c such that b

tx−→c ∈ S

0 otherwise

In a slot in which the schedule S is applied, the entry (a, b) in
the throughput matrix T(S) gives the probability of successful

transmission from a to b given every neighbor of b which are
scheduled to transmit indeed transmits.

The throughput matrix of a static network protocol is de-
fined as

T = EM{T(S)} = [t(a,b)]N×N ,

where the expectation is taken over the probability measure
on the set of schedules. In a network, in which a static net-
work protocol is applied, given that all scheduled transmitters
transmit all the time, the entry (a, b) of the throughput ma-
trix T shows the probability of a successful transmission from
a to b.

Theorem III.1 Consider a network G = (N , E) with an ar-
bitrary packet generation process with rate matrix λ. If a static
network protocol satisfies the following

NX
i=1

NX
j=1

λ(i,j)l(a,b,i,j) < t(a,b), ∀a, b ∈ N , (6)

then the network is stable under that protocol.

In the proof of the theorem, we show that packet choosing
a particular route is stable for every route from any source to
any destination. For this we basically specify a transmission
scheme (heavy loaded transmissions) and then use techniques
developed by Loynes for continuous time G/G/1 queueing sys-
tems to prove the stability of the suboptimal system. Later,
showing that the suboptimal system is stochastically domi-
nating the original system, we will finish the proof.

III.C. Proof of Theorem III.1

Suppose there exists an (s, d) ∈ N 2 pair such that λ(s,d) >
0. In the following, we will concentrate on a route

ϕ
∆
= (s, ϕ1, ϕ2, · · · , ϕm, d) ∈ R(s,d) and show that the packets

going through the route ϕ are stable under condition (6).

Now, we will introduce the suboptimal transmission
scheme, which will be called heavy loaded transmissions. In a
slot t, according to the particular schedule S applied, if node a
is scheduled to transmit to node b, node a flips a random coin
and chooses to transmit a packet on the route ϕ with proba-
bility (5). Previously, we assumed that if the transmitter node
doesn’t have a packet with route ϕ then it stays in the recep-
tion mode. Here, we will assume that if no such packets exists
in the queue of node a, node a transmits a dummy packet
which does not contain any information and will be discarded
just after the transmission.

In slot t, ω0
t denotes the number of packets at node s which

has chosen the route ϕ. In slot t, let also ωi
t, i ∈ {1, · · · , m}

denote the number of packets at node ϕi which which has
chosen the route ϕ. Let S0

t represent the number of packets
arrived in slot t which has chosen route ϕ, and Si

t , i > 0 denote
the number of packets which is correctly transmitted by node
ϕi−1 to ϕi in slot t. Define B(p) as a binomial random variable
such that Pr{B(p) = 1} = p and Pr{B(p) = 0} = (1− p). S0

t

is a strictly stationary stochastic process and S0
t =

Pβ
(s,d)
t

i=1 Xi
t

such that Xi
t , t, i ∈ Z+ is i.i.d with Xu

t
d
= B(Pr{ϕ}). It can

be checked that E{S0
t } = λ(s,d)Pr{ϕ} for all t. Define also

the event T u
t showing a successful transmission from Su

t , u =
{0, 1, · · · , m}. It can be seen that ωi

t evolves as follows

ωi
t+1 = [ωi

t − T i
t ]+ + Si

t+1, (7)



S0
t

ω0
t

S1
t

ω1
t

Sm
t

ωm
t

Fig. 4: Series of queues

where

Si+1
t+1 = ωi

t − [ωi
t − T i

t ]+ = ωi
t − ωi

t+1 + Si
t+1, i > 0.(8)

In case of dummy packet transmissions, one important ob-
servation is that

T i
t

d
= B(t(a,b)Pr{A packet with route ϕ is chosen | a tx−→b}),

(9)
where the random vectors (T 0

t , T 1
t , · · · , T m

t ) are i.i.d. for dif-
ferent t, while for a fixed t, T 0

t , T 1
t , · · · , T m

t are dependent in
general. Furthermore, equation (9) and condition (6) implies
that, for any (a, b) ∈ {(s, ϕ1), (ϕ1, ϕ2), · · · , (ϕm, d)},

E{S0
t } = λ(s,d)Pr{ϕ}

=
λ(s,d)Pr{ϕ}PN

i=1

PN
j=1 λ(i,j)l(a,b,i,j)

NX
i=1

NX
j=1

λ(i,j)l(a,b,i,j)

< Pr{A packet with route ϕ is chosen | a tx−→b} t(a,b)

= E{T i
t }, i = {0, 1, · · · , m}. (10)

Let’s make a change of variables, define

ω̃i
t

∆
= ωi

t − Si
t , (11)

in which case

ω̃i
t+1 = [ω̃i

t + Si
t − Tt]

+, (12)

Si+1
t+1 = ω̃i

t − ω̃i
t+1 + Si

t (13)

follow from (7) and (8). We will also define U i
t = Si

t −T i
t , and

consequently

ω̃i
t = [ω̃i

t + U i
t ]. (14)

Using induction on (14), it can be observed that

ω̃i
t = [ sup

1≤r≤t−1

t−1X
r

U i
k]+. (15)

As a result of (10), E{U0
t } < 0 follows, and we can establish

the stability of ω̃0
t using the following lemma.

Lemma III.2 (Loynes, Lemma 1) Let the random variables
ωt (t ≥ 1), be related by the transformation

ωt+1 = f(ωt, Ut), (16)

where {Ut | −∞ < t < ∞} is a stationary sequence and ω1 =
0. Suppose in addition that f(x, y) is monotonic increasing
and continuous from the left in x, and non-negative. Then
there exists a stationary sequence of random variables {Mt |
−∞ < t < ∞}, satisfying

Mt+1 = f(Mt, Ut), (17)

such that the distribution function of ωt tends monotonically
to that of M0 as t tends to ∞. Furthermore, if ω̂1 is another
sequence satifying (16) such that ω̂1 > 0, then ω̂t ≥ ωt, ∀t.

Returning to the particular problem at hand, we see (by
setting f(x, y) = [x + y]+) that the transformation of ω̃0

t de-
fined by (15) is of just the type considered in the lemma. It
follows that there exists a stationary sequence {Mt | −∞ <
t < ∞} satifying

Mt+1 = [Mt + U0
t ]+,

with the minimality property already described, and that the
distribution function of {ω̃0

t } tends monotonically downward
to the distribution of M0. Using (15), we see that

Mt = [sup
r≥1

rX
k=1

U0
t−k]+.

Thus M0 is finite if and only if sup
Pr

1 U0
−k < ∞, which in

turn true if and only if lim sup
Pr

1 U0
−k < ∞. Using these

observations, we state the following lemma which is an imme-
diate extension of the arguments in section 2.32 and Theorem
7 of Loynes [9].

Lemma III.3 In case of dummy packet transmissions,
(S0

t , T 0
t , T 1

t , · · · , T m
t ) forms a strictly stationary stochastic

process, and as a result of E{U i
t} = E{S0

t } − E{T i
t } < 0,

for all i ≥ 0, ω̃i
t converges in distribution to a proper random

variable as t →∞.

Lemma III.4 The following is satisfied for the number wait-
ing packets in the queues for i = 0, 1, · · · , m:

ω̃i
t

t
→ 0 as t →∞, almost surely.

Therefore, the average number of correcly transmitted pack-
ets to the final destination converges to the arrival rate with
probability one.

As a result of the previous lemmas, the stability of the
network with dummy transmissions can be easily established.
Stability of ω̃i

t implies stability of ωi
t. Moreover, stability

is preserved when we add stable sequences componentwise.
Therefore, in case of dummy packet transmissions, we can
observe that all nodes in the network are stable given each
stream is stable.

Next, we’ll state that the network is stable without dummy
packet transmissions.

Lemma III.5 (Stochastic Dominance) The queue lengths
with dummy packet transmissions is stochastically larger than
the queue lengths in a network without dummy packet trans-
missions. Therefore, stability of the network with dummy
packet transmissions implies stability of the network.

IV. The Capacity Region is Well Defined

In this section, we will prove that if an achievable rate is in
the interior of the capacity region, then there exists a static
network protocol which achives the same rate. First, we will
state a rather technical lemma, then prove Theorem II.1.

Lemma IV.1 If the network is stable with a network proto-
col, then ∀s ∈ N ,

n
(s)
t

t

P−→ 0,
E{n(s)

t }
t

→ 0, as t →∞. (19)

Here
P−→ denotes convergence in probability.



Proof (Theorem II.1) Suppose for a given network, a rate
matrix λ = [λ(s,d)]N×N is in the interior of the capacity region.
Then there exists a ε > 0 such that a network protocol which
achieves λ+ ε1N×N . Note that 1N×N is a N ×N matrix with
all non-diagonal entries 1 and the rest 0.

In order to prove such a result, we will contruct a static pro-
tocol which achieves the same rates regardless of the specifics
The measure on schedules which will be used for the medium
access is easy to describe: Pick a random number from 1 to n
uniformly, and use a schedule which is applied in that partic-
ular slot with corresponding probabilities. The rest is to be
written!

V. An Equivalent Formulation of the Capacity
Region

In this section, we look at a more classical network model in
which the packets exists in all network nodes, and the objec-
tive is to find the rates with which packets can be sent to
their destinations with probability one. Our major contribu-
tion is to make a connection between two different approaches
by showing that the existing packets can be sent with rate λ
if and only if a network with bursty arrivals with rate λ can
be stabilized.

V.A. A Network Model with Existing Packets

Suppose that the network is again modeled as a graph, and
the transmissions are governed by an MPR matrix. However,
there is no random arrivals and we suppose there exists an
infinite number of packets at any node of the network to be
sent to any other node in the network. For this network model,
we can define a network protocol similarly (the only difference

is that in this case ft, t = 1, 2, · · · is not a function of β
(s,d)
t ).

At time t, W(s,d)(t) denotes the number of packets correctly
received by node d whose source is node s. In accordance with
the definition in[Gupta, Tse], a rate λ is called feasible if there
exists a network protocol such that

lim inf
T→∞

1

T

TX
t=1

W(s,d)(t) ≥ λ(s,d), ∀(s, d) ∈ N 2, (20)

is satisfied with probability one. Using these definitions, we
can state the following theorem.

Theorem V.1 The closure of the set of all feasible rates in
a network with existing packets is exactly the same as the ca-
pacity region of the same network with bursty arrivals.

V.B. Proof of Theorem V.1

If a rate λ is inside the capacity region, then there exists
a static protocol achieving λ. When the source, introduces
the packets according an i.i.d. Bernoulli process to the net-
work with probability generation probabilities given by λ, then
according to Lemma III.4 the total number of nodes in the
buffers tend to 0, and hence the packets are transmitted with
rate λ almost surely, which means λ is feasible.

Conversely, suppose rate λ is feasible. Since W(s,d)(t) is
non-negative, the following holds as a result of Fatou’s lemma,
∀ (s, d) ∈ N 2

lim inf
T→∞

E{ 1

T

TX
t=1

W(s,d)(t)} ≥ E{lim inf
T→∞

1

T

TX
t=1

W(s,d)(t)} ≥ λ(s,d),

(21)

Equation (21) allows us to use the protocol construction given
in section IV which basically says that in case of (21), there
exists a protocols achieving rates aribitrarily close to λ. There-
fore, feasibility implies achievability.
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