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Abstract — We use cutoff rate to study the rate-

optimal binary input distributions for use on the

Rayleigh fading channel when only partial CSI is avail-

able at the receiver. First, we consider iid fading, and

analyze the cutoff rate under partial CSI for BPSK

and On-Off Keying (OOK) modulation. Then, we

analytically determine the optimal distribution as a

function of the faded SNR and the CSI quality avail-

able at the receiver. Lastly, we consider a temporally-

correlated Gauss-Markov fading model, and discuss

attainable rates for this channel when a PSAM es-

timation scheme is combined with adaptive binary

modulation based on the CSI quality available at the

receiver.

I. Introduction

Binary input distributions are often assumed when study-
ing the reliable rates of communications systems, either
through channel capacity, or other related metrics. The pop-
ularity of binary input distributions for analysis lies in their
analytic simplicity, and optimality (or near optimality) at low
SNR ([11], [1]).

Consider a system operating over the memoryless discrete-
time Rayleigh fading channel with AWGN in which the trans-
mitter can select among the general class of binary input dis-
tributions, subject to an average energy constraint per symbol.
When full CSI is available at the receiver, it is well known
that antipodal signaling (BPSK) maximizes the capacity of
this system. Conversely, without any CSI available at the re-
ceiver, on-off keying (OOK) has been shown to be optimal [1].
However, when only partial CSI is available at the receiver,
it is not clear as to which strategy, even among these two, is
optimal.

In this paper, we investigate this intermediate case, when
only partial CSI is available the receiver. We assume that par-
tial CSI is provided to the receiver through an MMSE channel
estimate. First, we consider the memoryless Rayleigh fading
channel. We confine our interest to the two limiting constella-
tions of BPSK and OOK, and analytically find the design rule
which specifies, for a given SNR and CSI quality, when OOK is
better than BPSK and vice-versa. Finally, we consider a sys-
tem operating over the temporally-correlated Gauss-Markov
fading channel, in which a PSAM estimation scheme is used
for channel estimation [8]. We analyze the performance of an
adaptive modulation scheme in which the modulate-type is
adapted according to the SNR and CSI quality available at
the receiver.

We will use the cutoff rate Ro as an information-theoretic
metric for characterizing the reliable rates R for the systems
we study. The use of cutoff rate Ro in place of capacity has
been common since its reintroduction in [7], and discussions on

cutoff rate for no CSI and full CSI may be found in [5] and [6].
The cutoff rate is a lower bound on capacity and the function
Ro−R can be used in place of the random coding exponent to
characterize the entire rate vs. performance curve. The use of
cutoff rate in place of capacity often leads to tractable results
that would not be available otherwise. For low-complexity,
low-delay systems, the cutoff rate is often viewed as a “prac-
tical channel capacity.”

II. The Rayleigh Fading Channel with

Partial CSI

System Model

We start by considering a single-user, time-varying fading
channel. We will consider the iid Rayleigh model described
via

yk =
√

E hksk + nk, (1)

where k denotes discrete time, hk ∼ CN (0, σ2
h) models iid

fading, yk is the signal at the receiver, E is the average sym-
bol energy used at the transmitter, and nk ∼ CN (0, σ2

N )
models AWGN.1 The channel input sk ∈ {A1, A2} is bi-
nary modulation subject to the normalized energy constraint
pA2

1 + (1 − p)A2
2 = 1, where 0 ≤ p ≤ 1 is the probability of

transmitting A1. We assume that A1, A2 are real, and that
σ2

N 6= 0, σ2
h 6= 0.

During each symbol interval, we assume that the receiver
has an estimate of the channel, ĥk, so that (1) can be written
as

yk =
√

E ĥksk +
√

E h̃ksk + nk, (2)

where h̃k = hk − ĥk is the residual error in the channel esti-
mate. Specifically, we will assume that an MMSE estimator is
used. Because the MMSE estimator of the Gaussian channel is
linear, both the estimate and the residual error are Gaussian,
i.e., ĥk ∼ CN (0, σ̂2) and h̃k ∼ CN (0, σ̃2). Also, this implies
that σ̂2 + σ̃2 = σ2

h. We let

ω = σ̂2/σ2
h

denote the quality of the channel estimate.2 Note that ω = 0
denotes no CSI, and ω = 1 denotes perfect CSI at the receiver.
In Section III, we describe one manner in which the channel
estimate can be obtained, however, this information is not
relevant to the following discussion.

1In this paper CN ∼

(
µ, σ2

)
denotes a complex Gaussian ran-

dom variable with mean µ and with independent real and imaginary
parts, each having variance σ2/2.

2Henceforth, we will refer to the CSI quality as the estimator

quality, and denote it by ω.



General Binary Signaling

For general binary signaling, we have shown that the unquan-
tized ergodic cutoff rate for a memoryless fading channel with
partial CSI at the receiver is [10]

Ro = max
Q

− log2

∑

s1={A1,A2}

∑

s2={A1,A2}

Q(s1)Q(s2)

× Eĥ

[∫

y∈Y

√
P (y|s1, ĥ)P (y|s2, ĥ)dy

]
, (3)

where Q(A1) = p , Q(A2) = 1 − p , Eĥ denotes expectation

w.r.t. the pdf of the channel estimate, ĥ, and P (y|s, ĥ) is
the pdf of the received signal, conditioned upon the transmit-
ted signal and the channel estimate. For the Rayleigh fading
channel in AWGN described by (2), this yields

Ro = max
pA2

1
+(1−p)A2

2
=1

− log2 {1 + 2p(1 − p) [Γ(A1, A2) − 1]} ,

where

Γ(A1, A2) =

{[
1 + κ(1 − ω)A2

1

] [
1 + κ(1 − ω)A2

2

]}1/2

{
1 + κ

2

[
(1 − ω) (A2

1 + A2
2) + 1

2
ω (A1 − A2)

2]} ,

(4)
and where κ , σ2

hE/σ2
N is the faded SNR.

Cutoff Rate for BPSK

First, we consider the case where full CSI is available at the
receiver. Letting ω = 1 in (4), we find that the maximum
occurs at A1 = −A2, and p = 1/2. Therefore, for full CSI
at the receiver, BPSK modulation maximizes the cutoff rate.
The unquantized ergodic cutoff-rate for BPSK is given by

Ro,B = − log2

{
1

2
+

1

2

[
1 + κ(1 − ω)

1 + κ

]}
. (5)

Figure 1 shows the cutoff rate as a function of the faded SNR
κ and the estimator quality ω. We make the following obser-
vations:

1. The estimator quality ω places an asymptotic ceiling on
Ro,B . For large κ the cutoff rate saturates to

Ro,B = − log2

{
1

2
+

1

2
(1 − ω)

}
.

2. When ω = 0 (i.e., no CSI is available), information
transmission is not possible. This is because the statis-
tics of yk at the receiver are independent of sk. I.e.,

yk|sk = 1 ∼ CN
(
0, Eσ2

h + σ2
N

)
,

yk|sk = −1 ∼ CN
(
0, Eσ2

h + σ2
N

)
.

3. More generally, the statistics of yk under the two hy-
potheses, and conditioned upon the known part of the
channel ĥk, are

yk|ĥk, sk = 1 ∼ CN
(√

E ĥk, Eσ̃2 + σ2
N

)
,

yk|ĥk, sk = −1 ∼ CN
(
−
√

E ĥk, Eσ̃2 + σ2
N

)
.

The ability to distinguish between the two hypotheses is
only through the difference in the means, and therefore

it is critical that ω > 0. When κ � 1
1−ω

(i.e., when

Eσ̃2 � σ2
N ), the statistics become

yk|ĥk, sk = 1 ∼ CN
(√

E ĥk, Eσ̃2
)

,

yk|ĥk, sk = −1 ∼ CN
(
−
√

E ĥk, Eσ̃2
)

.

Increasing κ scales the variance and power in the mean
equally, and so for large κ, i.e., κ � 1

1−ω
, performance

saturates as depicted in Fig. 1.

Next, we consider the case of no CSI at the receiver.

Cutoff Rate for OOK

When no CSI is available at the receiver (i.e., ω = 0), it has
been shown in [1] that the capacity-optimal input distribution
at low SNR is OOK. Also, it was shown that, restricted to
binary distributions, OOK is capacity optimal at all SNR.
Here, if we assume equiprobable inputs (i.e., p = 1/2), we find
that OOK modulation also maximizes the cutoff rate of (4)
for all κ.

The general expression for OOK is obtained by setting
A1 = A and A2 = 0 in (4). This yields the unquantized
ergodic cutoff rate

Ro,K = max
0<p<1

− log
2





1 + 2p(1 − p)




√
1 + κ(1 − ω) 1

p

1 + κ (2 − w) 1

4p

− 1








, (6)

where we have used that fact that A2 = 1
p

due to the energy
constraint. In general, it is not possible to analytically maxi-
mize (6) over p, as it leads to solving a high-order polynomial
that has no explicit solution as a function of κ and ω. How-
ever, it can be verified analytically that as κ → ∞, p∗ = 1/2,
and that as κ → 0, p∗ = 0 (this corresponds to no information
transmission). In general 0 ≤ p∗ ≤ 1/2. In Figure 2, we plot
p∗ as a function of κ for several values of ω. We see that for
moderate to large values of κ, letting p = 1/2 is a reasonable
approximation to p∗. Using p = 1/2, the cutoff rate becomes

Ro,K = − log2

{
1

2
+

1

2

[√
1 + 2κ(1 − ω)

1 + κ
(
1 − w

2

)
]}

. (7)

Since A2 = 1
p
, we can equivalently repeat Figure 2 in terms

of the optimal OOK amplitude A∗ versus faded SNR κ as
shown in Figure 3. Note that as κ increases, the optimal OOK
amplitude A∗ decreases and (correspondingly) p∗ increases.
This trend was shown in [1] for the capacity metric and for no
CSI (w = 0). From the figure, we see that when ω > 0 this
general trend is still true, and that for fixed κ, the optimal
amplitude A∗ is a decreasing function of ω. As κ becomes
large, A∗ →

√
2, and correspondingly, p∗ → 1

2
.

OOK offers significant advantages over BPSK for achieving
high transmission rates. In Figure 4, we repeat Figure 1, this
time for OOK, with p = 1/2, as given by (7). As κ → ∞, Ro,K

approaches 1 regardless of ω. In particular, the cutoff rate is
non-zero when ω = 0, which was not the case for BPSK.

To gain some insight into the figure, we look at the statistics
of yk under the two hypotheses

yk|ĥk, sk = 0 ∼ CN
(
0, σ2

N

)
,

yk|ĥk, sk =
√

2 ∼ CN
(√

2E ĥk, 2Eσ̃2 + σ2
N

)
.



The distance between the means is obviously reduced com-
pared to that for BPSK, however the variance terms are now
distinct. We expect that if the difference in the variance terms
is large enough (i.e., if κ is large enough), then OOK will be
able to outperform BPSK despite the decreased separation
between means. Conversely, for small κ (when the variance
terms are nearly identical), we expect BPSK to outperform
OOK. The general tradeoff is shown in Figure 5 for ω = 0.8.
In the figure, we also plot OOK where the optimum p is used
for each value of κ. Note that, even for small κ, the differ-
ence between the two OOK curves is small; note also that
there is a significant gain in using OOK instead of BPSK at
moderate-to-large κ.

In particular, for the no CSI scenario (ω = 0) the hypothe-
ses become

yk|ĥk, sk = 0 ∼ CN
(
0, σ2

N

)
,

yk|ĥk, sk =
√

2 ∼ CN
(
0 , 2Eσ2

h + σ2
N

)
,

and so, unlike BPSK, information transmission is possible,
particularly for large κ. This is confirmed in Figure 4.

From the discussion above, we expect that OOK is optimal
at large κ, and that BPSK is optimal for small κ. Next, we
will quantify the faded SNR κ at which one should switch from
BPSK to OOK as function of estimator quality ω.

Comparing BPSK and OOK

Here we provide results for the transitional value of the faded
SNR κ̄, above which OOK is optimal, and below which BPSK
is optimal. In doing so, we provide an initial characterization
of the intermediate region where partial CSI is available.

In [10], we will provide results which detail the optimal bi-
nary modulation scheme as a function of κ and ω. Here, we
confine our interest to the two limiting cases of BPSK (opti-
mal for full CSI) and OOK (optimal for no CSI). The results
presented here give an analytic basis for an adaptive modula-
tion scheme in which the transmitter can select between OOK
and BPSK based on the faded SNR κ and estimator quality
ω available at the receiver.

The transitional faded SNR κ̄ is found by equating (5) and
(7). This yields a third-order polynomial. Retaining the rele-
vant root yields

κ̄ = f(ω),

where

f(ω) =

[
(a + b)1/3 + (a − b)1/3 − 2

(
4 − 10ω + 3ω2

)

3(2 − ω)2(1 − ω)

]
,

and where

a = 81ω6 − 468ω5 + 828ω4 − 640ω3 + 624ω2 − 192ω + 64,

b = 6
√

3(ω − 2)2w2
√

61ω4 − 208ω3 + 168ω2 − 64ω + 16.
(8)

The function f(ω) depends on the estimator quality, and is
shown in Figure 6. At the end points, ω = {0, 1}, our results
agree with existing theory:

1. Observe that f(0) = 0. Therefore, when no CSI is avail-
able, it is always optimal to use OOK instead of BPSK.
This is in agreement with the results of [1], which are
for the ω = 0 case.

2. It can be verified that

lim
ω→1

κ̄ = ∞,

which confirms that, when full CSI is available, BPSK
is always optimal independent of the faded SNR. This is
in agreement with the well known fact that, for AWGN
channels, the use of OOK is suboptimal to BPSK for a
fixed average symbol energy constraint.

III. The Gauss-Markov Fading Channel

with Partial CSI

Here, we generalize the Rayleigh fading channel of (1) to
incorporate temporal correlation. We will model this tempo-
rally correlated channel as a first-order Gauss-Markov process
described via

yk =
√

E hksk + nk (observation),

hk = αhk−1 + zk (state), (9)

with the same definitions as in (1), but now with 0 < α <
1 describing the temporal correlation. The parameter α is
related to the normalized Doppler spread. The driving noise
is zk ∼ CN (0, σ2

h(1 − α2)). We let sk ∈ {−1, 1} for BPSK
modulation, or sk ∈ {0,

√
2} for OOK modulation.

Channel Estimation

To provide partial CSI at the receiver, we use pilot-symbol
assisted modulation (PSAM) and MMSE channel estimation.
We will use a periodic PSAM methodology in which a single
training (pilot) symbol is periodically inserted into the symbol
stream every T symbol slots. Motivation for sending one pilot
symbol, rather than many, may be found in [2], [4], and [3].
This PSAM channel estimation scheme was first utilized in
[8] to characterize reliable rates of the Gauss-Markov channel
using a capacity metric.

At the receiver, a MMSE channel estimator is used as fol-
lows: Upon the reception of a training symbol, the current
channel state is estimated, and the next T − 1 channel states
are predicted using only the most recent training symbol. The
MMSE estimator equations are3:

ĥmT = E [hmT |ymT ] =

√
Eσ2

h

σ2
N + Eσ2

h

ymT ,

ĥmT+` = α`ĥmT for 1 ≤ ` ≤ T − 1. (10)

The pdf of the estimator (10) is given by:

ĥmT+` ∼ CN
(
0, σ̂2

`

)
, σ̂2

` = α2`σ2
h

κ

1 + κ
, (11)

for 0 ≤ ` ≤ T−1. Note that the quality of the estimator decays
exponentially with `. The quality of the channel estimator is
now a function of ` and also has period T . In particular (for
` 6= 0)

w` =
σ̂2

`

σ2
h

= α2` κ

1 + κ
, where ` = k mod T.

Note that by treating the Gauss-Markov channel in this
manner we have essentially created T separate sub-channels,

3Note that the training symbols are given the same energy as
the data symbols.



where two successive realizations of the same sub-channel are
separated in time by T symbol periods as shown in Figure
8. Therefore, if we consider separate coding on each of the
T − 1 data-bearing sub-channels via codebook multiplexing
(see Figure 9), we can define an average cutoff rate RA as the
average cutoff rate over the set of T channels,

RA =
1

T

T−1∑

l=1

Ro,l

where Ro,l is the cutoff rate of the lth channel. For more
details on RA, see [9].

BPSK/OOK Adaptive Modulation

We will now consider an adaptive modulation scheme where
the transmitter chooses between BPSK and OOK for each
sub-channel, based on the faded SNR κ and the quality of
the channel estimator ω at the receiver. The CSI feedback re-
quired at the transmitter consists only of κ, and α, the Doppler
parameter. Recall from the previous subsection that the es-
timator quality ω is determined by the parameters α and κ.
Equation (8) dictates the choice between BPSK and OOK.

In [8], the authors used capacity as a metric and considered
a similar analysis, where the transmitter was free to choose the
optimal binary distribution for each sub-channel (among all
possible binary distributions). Because of the intractability of
both the capacity metric and the input design rule, the results
presented in [8] were purely numerical. Here, we consider a
scheme that alternates between OOK and BPSK using only
analytic design rules. We compare our BPSK/OOK adaptive
modulation system to:

C1. The BPSK-only system proposed in [9], where the op-
timal BPSK modulation is used in each sub-channel.
Denote the cutoff rate of this system by RA,BPSK.

C2. The OOK-only system which uses OOK with p = 1/2 in
each sub-channel. Denote the cutoff rate of this system
by RA,OOK; see (7).

C3. The p-optimal OOK-only system in which OOK is used
in each sub-channel, but is optimized over the proba-
bility p at each value of the faded SNR κ. This will
be computed numerically for comparison. Denote the
cutoff rate of this system by RA,OOKp.

The system has T statistically distinct sub-channels, of
which T − 1 are information-bearing. From (8), we know that
OOK is optimal for the lth sub-channel if (for 1 ≤ l ≤ T − 1)

κ ≥ f(ω`) = f

(
α2` κ

1 + κ

)
. (12)

The right-hand side of the above equation is a decreas-
ing function of `. Therefore, sub-channels are initially as-
signed BPSK modulation. Eventually the transitional SNR is
reached, and the remaining sub-channels are assigned OOK
modulation. The cutoff rate Ro,H for our BPSK/OOK adap-
tive modulation scheme is

RA,H = − 1

T

L∑

`=0

log2

{
1

2
+

1

2

[
1 + κ(1 − ω`)

1 + κ

]}

− 1

T

T−1∑

`=L+1

log2

{
1

2
+

1

2

[√
1 + 2κ(1 − ω`)

1 + κ
(
1 − ω`

2

)
]}

where 1 ≤ L ≤ T − 1 is determined from (12). After substi-
tution of ω`, this yields

RA,H =
T − 1

T
− 1

T

L∑

`=0

log2

{
2 − α2` κ2

(1 + κ)2

}

− 1

T

T−1∑

`=L+1

log2





1 +

√
1 + 2κ

(
1 − α2` κ

1+κ

)

1 + κ
(
1 − α2`

2
κ

1+κ

)





.

For a fair comparison, each system in C1-C3 should be
optimized for the training period T that optimizes its cutoff
rate. Indeed, for the OOK based systems, it is possible that
sending no training data may be optimal since the cutoff rate
is non-zero when ω` = 0. This is a significant issue that we will
address in [10]. Here, we will consider a system with α = 0.98,
and use the results of [9], which show that for a BPSK-only
system, the optimal training period at large κ is T = 7 and
that the cutoff-rate saturates to 0.71.4 We will let T = 7.

In Figure 7, we plot the cutoff rate of the BPSK scheme
RA,BPSK, the unoptimized OOK scheme RA,OOK, the opti-
mized OOK scheme RA,OOKp, and the BPSK/OOK adaptive
modulation scheme RA,H. For small κ, BPSK is optimal for all
sub-channels (from (8)), and so the average cutoff-rate RA,H

is equal to RA,BPSK. For the intermediate values of κ, BPSK is
optimal for the initial sub-channels, while OOK is optimal for
the latter ones. In this region, RA,H is larger than RA,BPSK.
To find the κ above which RA,H becomes larger than RA,BPSK

we solve for κ in the following equation

κ = f

(
α2(T−1) κ

1 + κ

)
, (13)

which, with α = .98 and T = 7, indicates that the
OOK/BPSK hybrid scheme outperforms the BPSK-only
scheme starting at κ ≈ 9.8 dB. This is confirmed in the figure.

For large κ, RA,H is equal to RA,OOK since OOK outper-
forms BPSK in all sub-channels. To find the κ above which
the OOK only scheme performs as well as the BPSK/OOK
adaptive scheme we solve for κ in

κ = f

(
α2 κ

1 + κ

)
, (14)

which yields the intersection point to be κ ≈ 20.73 dB.
At any value of the faded SNR κ, the BPSK/OOK scheme

performs at least as well as the best of the BPSK or OOK
only approaches, and for some intermediate range of κ, the
adaptive scheme performs better than the best of either the
OOK only or BPSK only schemes. We see that the cutoff
rates for the two OOK approaches RA,OOK and RA,OOKp are
roughly equal; note again that substantial gains are obtained
by using OOK in the latter slots. A more extensive analysis
will be given in [10].

4In [9], we consider a BPSK-only system, and study a more
general problem in which we find the optimal training period and
energy allocation between the data and training symbols subject
to an average symbol energy constraint. Here, we assume that the
data and training energies are equal (as in [8]), however, the value
of the optimal training period and saturation cutoff-rate do not
change from the values given in [9].



IV. Discussion

We have considered the use of BPSK (optimal for no CSI)
and OOK (shown to be the cutoff rate optimal binary strat-
egy at all SNR) for use on Rayleigh fading channel, when
only partial CSI is available at the receiver. We found the
optimal modulation type as a function of faded SNR and CSI
quality at the receiver. We also discussed the use of adaptive
BPSK/OOK modulation on Gauss-Markov channel in which
each data sub-channel uses the modulation type that is op-
timal within that sub-channel based on the faded SNR and
CSI quality available. We have shown that use of this adap-
tive modulation scheme results in transmission rates that, at
each SNR, are least as large as the larger of the BPSK-only
or OOK-only modulation rates.

We are currently studying the general binary case (i.e., not
limited to OOK or BPSK), channel estimators that are more
sophisticated than the memoryless MMSE estimators consid-
ered here, and more general channel models such as the Ricean
and Nakagami fading channels. Results on optimal allocation
of energy, where the data sub-channels may have variable en-
ergy and variable modulation, as well as the optimal training
period, subject to an average energy constraint, will be re-
ported elsewhere. Extensions to the frequency selective case
(e.g., using an OFDM scheme) and to a general MIMO model
are also being studied.
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Figure 2: The optimal probability of transmitting a ‘1’
(A), p∗ vs. faded SNR κ (dB), for different values of the
estimator quality ω.
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Optimal OOK amplitude A vs. faded SNR κ  for varying estimator quality ω
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Figure 3: The optimal OOK amplitude A∗ vs. faded SNR
κ (dB), for different values of the estimator quality ω.
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Cutoff Rate for OOK over the (estimated) fading channel
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Figure 4: The OOK cutoff rate Ro,K vs. faded SNR κ
(dB), for different values of the estimator quality ω.
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Cutoff Rate for BPSK and OOK
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Figure 5: A comparison of the BPSK cutoff rate Ro,B , the
unoptimized OOK cutoff rate Ro,K , and the optimized
OOK cutoff rate vs. κ (dB) for ω = 0.8.
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Figure 6: The transitional faded SNR κ̄ = f(ω). For
larger faded SNR κ OOK is cutoff-rate optimal, and for
smaller faded SNR, BPSK is optimal.
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Cutoff rate for several modulation schemes
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Figure 7: A comparison of the cutoff rate for several
modulation techniques. RA,BPSK denotes BPSK only.
RA,OOK denotes the use of OOK with p = 1/2. RA,OOKp

denotes the use of OOK where p has been maximized
at each value of the faded SNR κ. RA,H denotes the
BPSK/OOK adaptive modulation scheme.
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Figure 8: Depicts the separation of the Gauss-Markov
channel into T distinct sub-channels
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Figure 9: Separate coding for each of the T − 1 data-
bearing channels. The `th channel uses a codebook of
rate Ro,` for 1 ≤ ` ≤ T − 1.


