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Abstract

We consider the e�ect of capture on delay in bu�ered slotted ALOHA based
random accesssystemsfor the two usercase.In a capture channel, at most oneuser
canhave a successfulpacket transmissionwhenboth userstransmit. For symmetric
Bernoulli arrival rates and a symmetric capture model, we characterize the average
delay in terms of the retransmission probabilit y and the capture model parame-
ters. Further, we provide exact expressionsfor the delay minimizing retransmission
probabilit y for all possiblecapture models. We �nd that as soon as there is a non-
zero capture probabilit y, there is a non-empty subsetof ALOHA stabilizable rates
for which the optimal retransmission probabilit y is one. We also �nd that when
the capture probabilit y crossesa threshold, the optimal retransmissionprobabilit y
is one for all stabilizable rates.

1 In tro duction

We considerthe problem of characterizing the averagedelay in bu�ered slotted ALOHA
based random accesssystemswith capture. By delay we mean the number of slots
elapsedfrom the moment a packet is generateduntil it is successfullyreceived. Delay
is a primary performancemetric in wirelessnetworks since it determines the kind of
applications that the network can support. Voice and other multimedia tra�c are very
sensitive to delay experiencedby packets; hencethe needto analyzedelay performance
in wirelessnetworks.

Delay incurred by packets is determinedby the joint performanceof PHY and MAC
layers. In this work, we focus on the delay performanceof the slotted ALOHA protocol
for a PHY layer that enablessuccessfulpacket receptioneven when more than oneuser
transmits in a slot (referred to as \capture"). We assumethat every user in the multiple
accesssystem has unlimited bu�er capacity to store newly generatedand backlogged
packets. This captures the queueingaspect of this random accessproblem. Sidi and
Segall[1] �rst looked at the problem of analyzing delay in ALOHA type systems.They
found the exact averagedelay in a two user system with symmetric arrival rates and
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retransmissionprobabilities. They also found the optimal retransmissionprobabilities
to minimize delay. However, they had assumeda collision channel model for packet
successwhich fails to capture e�ects of fading in wirelesschannels. Further, Nain [2]
calculatedthe exactdelay in the two usercasefor asymmetricarrivalsand retransmission
probabilities assuminga collision channel. In both theseworks, the technique used to
�nd delay involveda functional equationin the generatingfunction of the joint stationary
queuelength distribution. This functional equation can be solved by formulating a very
complex Riemann-Hilbert boundary value problem [3, 4]. It is indeed quite surprising
that there areno resultson the \exact" delay of ALOHA for the �nite user,in�nite bu�er
queueingmodel apart from thesetwo. Takagi and Kleinrock [5] useda similar approach
to �nd averagedelay in a two-userbu�ered CSMA/CD systemwith a collision channel.
There is also a line of work which computesboundson averagedelay for N > 2 for the
collision channel ([6, 7, 8, 9]) and for a more generalsymmetric Multipacket Reception
(MPR) model [10]. There are quite a few other results on delay of ALOHA but they are
for di�eren t queueingmodelsviz., the in�nite usersinglebu�er model and the �nite user
single bu�er model. Thesemodels do not quite capture the interdependenceamongst
the queuesand its e�ect on delay. The limited results found suggestthat characterizing
delay in bu�ered ALOHA systemsis a nontrivial task.

As mentioned earlier, most of the prior work assumeda collision channel for packet
success.This wasmotivated by the underlying wireline channel medium whereonly one
user could be accommodated at a time in the available bandwidth. However, this is far
from true in wirelesschannels.On the onehand even if a singleusertransmits in a slot it
is possiblefor his transmissionto be unsuccessfulbecauseof fading. On the other hand,
it is possiblethat if many userstransmit in the sameslot the user with the strongest
received power gets \captured"(see [11, 12] and the referencestherein). In this work,
we allow the packet reception processto be probabilistic in order to model capture and
other fading e�ects that are unique to wirelesschannels.

Our main �ndings are that as soon as there is a nonzerocapture probability there is
a non-empty subsetof stabilizable rates for which the delay minimizing retransmission
probability is one. Wealsoobservea thresholde�ect; whenthe capturecapability crosses
a threshold, the delay minimizing retransmissionprobability is one for all stablerates.
In fact, retransmissionprobability one also stabilizes all stable rates beyond the same
threshold.

The rest of this paper is organizedas follows. In Section 2, we provide the system
model andparametrizethe capturechannel. In Section3, weprovide exactexpressionsfor
the delay and the optimal retransmissionprobabilities for minimizing delay. In Section4,
we provide someanalytical insights into the results of Section3. Finally, we concludein
Section5.

2 System Mo del

The systemconsistsof two users,each having an in�nite bu�er for storing arriving and
backloggedpackets, communicating with a commonreceiver. The channel is slotted in
time and a slot duration equalsthe packet transmissiontime. Packets are assumedto be
of equal length for the users.The arrivals to the i th userare i.i.d. Bernoulli (r ) in every
slot. The arrivals are independent acrossusers. Let p be the retransmissionprobability
of both users.Wemodel the phenomenonof capturewith the following symmetricpacket
receptionmodel. Let a denotethe probability of successof either userwhen that user is



transmitting alone. Let b denote the probability of successof the �rst user alone when
both users transmit simultaneously. Then, b is also the probability of successof the
seconduser alone when both of them transmit together. Capture by de�nition implies
that both userscannot have simultaneous successfulpacket receptions. Clearly a � 1
and b � 0:5. In addition, we assumethat b � a.

3 Dela y and Optimal Retransmission Probabilit y

Theorem 1 Let D be the averagedelayfor either user in the symmetriccapture channel.
If r < pa+ p2(b� a),

D =
1
a

�
a(1 � r ) + p(b� a)(1 � r=2)

pa+ p2(b� a) � r

�
: (1)

Proof: We present a sketch of the proof. It has beenshown that if r < pa + p2(b � a),
then the queuesin the ALOHA systemhave a proper limiting (stationary) distribution
(viz., the systemis stable) [13]. Next, we show that the generatingfunction of the joint
stationary distribution of the two queuessatis�es a functional equation. Even though
this functional equation is di�cult to solve explicitly, the meannumber of packets in the
queuescan be found by evaluating the derivative of the generatingfunction. Finally, a
simple application of Little's theorem gives the desiredresult. For details refer to [14].
2

From (1), we observe that the delay is a decreasingfunction of r as expected.
Next, we look at the problem of optimizing the retransmissionprobability (p� ) to

minimize the averagedelay. We �nd that as soon as there is capture capability, the
optimal retransmissionprobability is onefor a set of arrival rates of the form [0; r � ] with
r � > 0. We call this degenerateinstance of ALOHA with retransmissionprobability
one \Dum b Scheduling" sinceit is equivalent to the following simple MAC|transmit if
you have packets [15]. Thus, dumb scheduling is delay optimal in the classof ALOHA
protocolswith �xed retransmissionprobability for small arrival ratesin capturechannels.

Lemma 1 Let p� be the optimal retransmissionprobability for minimizing delay in the
capture channel. Then,

p� =

(
1 r 2 [0; r � ]
a(1� r )�

p
0:5r

p
2(a� b)(1 � r =2)2 � a2 (1� r )

(a� b)(1 � r =2) r 2 (r � ; rmax );
(2)

where,

r � =

(
1 �

�
a+ b

2 � ab
a� b

�
�

q
1 � (a � b) +

�
a+ b

2 � ab
a� b

� 2
0 � b< a=2

b a=2 � b � minf 0:5; ag;
(3)

and

rmax =

(
a2

4(a� b) 0 � b< a=2
b a=2 � b � minf 0:5; ag:

(4)



Proof: The proof involvessolving a constraint optimization problem. Since(1) givesus
the delay for a �xed p and capture model, we have to optimize (1) with respect to p.
The constraints on p are that p 2 [0; 1] (since it is a probability) and p should stabilize
the ALOHA system. Thus, the problem can be cast as

p� = argmin
pa+ p2 (b� a)� r > 0

p2 [0;1]

1
a

�
a(1 � r ) + p(b� a)(1 � r=2)

pa+ p2(b� a) � r

�
(5)

Sincethe objective function in this caseis not convex, the optimization hasto be carried
out rather explicitly. Refer to [14] for details. 2

Lemma1 givesp� explicitly in terms of the capturechannelparametersand the arrival
rate r . As a direct consequenceof Lemma 1 we have the following theorem.

Theorem 2 For the capture channel with a > 0; b > 0, the optimal retransmission
probabilities can take only two possibleforms viz.,

1. If b < a=2, then the optimal retransmission probability is one for a non-empty
proper subsetof all stableratesof the form [0; r � ] with 0 < r � < rmax .

2. If b � a=2, then the optimal retransmissionprobability is one for all stablearrival
rates.

Proof: For a �xed a > 0, from Lemma 1 note that,

r � jb=0 = 0:

It can be shown that r � is a strictly increasingfunction of b for a �xed value of a > 0.
Thus, as soon as we have capture (b > 0), r � > 0 and there is a set of rates [0; r � ] for
which p� = 1 is the best policy for minimizing delay. As long as b < a=2, we have
r � < rmax . On the other hand when b2 [a=2; minf 0:5; ag), from Lemma 1

(r � = rmax )jb2 [a=2;min f 0:5;ag) = b; (6)

and so p� = 1 is delay optimal for any rate which is stabilizable. 2
Note that for b < a=2, r � < rmax , and there is a set of rates for which the optimal

retransmissionprobability p� is still a function of the arrival rate (r ). Thus, b = a=2
also happensto be the point where the optimal retransmissionprobability ceasesto be
a function of the arrival rate. We refer to r � as the critical rate sincerates below r � are
delay optimized by dumb scheduling. In [13], it hasalready beenshown that r max is the
maximum stable arrival rate for the capture model.

Figure 1 shows the genericoptimal retransmissionprobabilities as a function of the
capture channel parameters. It is interesting to comparethe structure of the stabilit y
region of ALOHA (see[13]) along the equal rate line with the optimal retransmission
probability for di�eren t capture models. Note that b = a=2 is also the point from which
dumb scheduling is optimal from a stabilit y viewpoint. Thus,dumb scheduling is optimal
from both delay and stabilit y viewpoints when b � a=2.

Figure 2 shows the set of retransmission probabilities that stabilize the ALOHA
system for di�eren t arrival rates in a weak capture (b < a=2) case. The maximum
and minimum stabilizing retransmissionprobabilities are the solution to the equation
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Figure 1: Genericoptimal retransmissionprobabilities for capture channels.
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Figure 2: The optimal and stabilizing retransmissionprobabilities for a = 0:5, b= 0:1

p2(b� a) + pa� r = 0 and thus form a parabola which is truncated sincethe maximum
retransmissionprobability can be at most one. The point at which the maximum and
minimum retransmissionprobabilities coincide corresponds to the maximum stable ar-
rival rate rmax . The delay optimal retransmissionprobability lies in the feasibleregion
in the interior of the parabola.



4 Analytical Insigh ts

In this section,we considervariouscapture scenariosand comparethe delay performance
of ALOHA.

4.1 Maxim um stable throughput and Critical rate
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Figure 3: Maximum stable throughput vs critical rate a = 1
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Figure 4: Maximum stable throughput vs critical rate a = 0:5

Figures 3 and 4 comparethe critical rate with maximum stable arrival rate for all
possible capture scenarios. We seea phase transition here that occurs at the point
b = a=2. As long as b < a=2, dumb scheduling is only optimal for a subset of the



stabilizable rates. On the other hand assoon asb � a=2, dumb scheduling is optimal for
all stabilizable rates. Note that all rates below the solid curve are delay optimized by
dumb scheduling.

4.2 Dela y comparison of di�eren t capture channels
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Figure 5: Comparison of delay for various capture scenarios,a = 1; 0:9; 0:8, b =
0:2; 0:3; 0:4

Figure 5 comparesthe minimal delay for three capture scenarios. In this case,we
increasea and decreaseb progressively. It can be seenthat at low arrival rates the
capture model with a = 1, b = 0:2 is marginally better that the other capture models.
At higher arrival rates, the capture model with a = 0:8, b = 0:4 is signi�cantly better
than the others. Thus, it seemsthat for minimizing delay, \m ultiuser" receiver designis
much better than the omnipresent \single user" designs.

Figure 6 comparesthe minimal delay in collision channela = 1, b= 0 with the delay
in strong capture scenarios.It illustrates the signi�cant averagedelay reduction that can
be achieved with the strongest capture model a = 1, b = 0:5. We also note that the
minimal delay in this strong capture model (a = 1, b = 0:5) is quite closeto one for
arrival rates until � 0:25. Sincethe averagedelay is lower boundedby one,this suggests
that ALOHA is quite closeto optimal for a large classof arrival rates for strong capture
models.

4.3 Dela y comparison with �xed \a"(or \b")

Figures7 and 8 show minimal delay asa function of the arrival rate for �xed a and �xed
b respectively. In Figure 7 the curves are far apart as comparedto those in Figure 8.
The �gures show that the delay is much more sensitive to changesin b than a.

At this point it is not clear what would happen if we had a stronger receptionmodel
than the capturemodel wehaveconsideredin this work. First of all, the techniqueusedto
�nd the averagequeuelength fails astermscorrespondingto probability of successof both
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Figure 6: Comparisonof delay for capturescenarioswith the collisionchannel,a = 1; 1; 1,
b= 0:5; 0:25; 0
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Figure 7: Comparison of delay for various capture scenarios,a = 0:8; 0:8; 0:8, b =
0:3; 0:4; 0:5

userssimultaneously lead to somecomplications. However, we conjecturethat even with
a stronger (symmetric) receptionmodel that allows simultaneouspacket receptionsfrom
both userswith marginal successprobabilities greater than 0:5, p = 1 would minimize
the delay. The intuition behind this belief is that there is no reasonfor the usersto hold
back transmissionsin the presenceof a stronger receptionmodel.

We also suspect that the delay results that we have will be upper bounds on delay
of more generalMultipacket Receptionmodels which have the samemarginal reception
probabilities as the capture model we consider.



0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
0

2

4

6

8

10

12

14

Throughput/user

M
in

im
um

 D
el

ay
 (i

n 
sl

ot
s)

Comparison of minimum delay for varying MPR

a = 0.9, b = 0.4
a = 0.8, b = 0.4
a = 0.7, b = 0.4

Figure 8: Comparison of delay for various capture scenarios,a = 0:9; 0:8; 0:7, b =
0:4; 0:4; 0:4

5 Conclusions

In this work, we analyzedthe delay performanceof slotted ALOHA in a capture envi-
ronment albeit for the two user case.We provided expressionsfor the delay optimizing
retransmissionprobability and exact averagedelay of slotted ALOHA in capture chan-
nels. We showed that dumb scheduling is delay optimal for all stable arrival rates in a
certain capture regimeand that dumb scheduling is always optimal for a subsetof stable
arrival rates oncecapture setsin. It is interesting to note that when dumb scheduling is
delay optimal for all stable arrival rates, it alsostabilizesall stable arrival rates.
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