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Abstract — The problem of simultaneous channel and
symbol estimation of a single input multiple output com-
munication channel is considered in this paper. Three new
deterministic algorithms are developed based on oblique pro-
jections of the observation onto past and future output sub-
spaces. Also proposed is a channel order detection algorithm
which improves the estimation performance significantly for
multipath channels.

I. INTRODUCTION

Joint channel and symbol estimation has important applications
in packet transmissions where the use of training symbols may im-
pose substantial overhead. Most existing techniques are iterative
algorithms based on the maximization of likelihood function [5].
Unfortunately, these techniques require good initializations. Re-
cently, Vandaele and Moonen [8] proposed a new algorithm that
provides simultaneous channel and symbol estimation in closed-
form. The key of their approach is the use of a specific oblique
projection which, in contrast to other techniques based on or-
thogonal projections (see [6, 10] and references therein), provides
the finite sample convergence property [6] to both channel and
symbol estimation.

In this paper, based on elementary geometrical characteri-
zations of input-output subspaces, we present a systematic use
of oblique projections for joint channel and symbol estimation,
which leads to three new estimators and a channel order detection
technique.

II. PRELIMINARIES

Problem Statement Consider the following single input P
output system:

x(t) = hs(t—1), y(t) =x(t) +n(t),t =1,---,N, (1)
=0

where s(t) is the input complex sequence, x(t) the noiseless out-
put, and h; the vector channel impulse response. With additive
noise n(t), the received signal is y(t). Our goal is to estimate
both the channel h £ [hZ ... hT]T and the symbols s(t) from
y(b).

We will use the block representation of the above SIMO
model by stacking m samples of x(¢) and denoting x,(t) 2
[xT(t),---,xT(t — m +1)]". We then have

Xm(t) = Frn(h)sr4m(t), ym(t) = xm(t) +nm (), (2)
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where Fy,, (h) is the filtering matrix
hg --- hgp

11>

Fom(h) e 3)
ho - hp mPx(m+L)
and ym(t), nm(t) and sp4m(t) are similarly defined as x, (t).

We make the following two assumptions:

Al There exists a mo such that the filtering matrix F,, has
full column rank.

A2 The input sequence s(t) has linear complexity [2] greater
than L, = 2mg + 2L.

Assumptions Al and A2 play a critical role in all subspace meth-
ods; they imply an isomorphic relation between the (noiseless)
output and input subspaces. Note also that this relation is valid
for all m > myg.

Most notations in this paper are standard. The upper and
lower-case bold letters denote matrices and vectors, respectively.
()T and ()7 are the transpose and Hermitian operators. (-)}
denotes the Moore-Penrose pseudo-inverse of the matrix. For a
given matrix A, R{A} (C{A}) is the row (column) space of
the matrix. Calligraphic letters denote subspaces. For a given
subspace R, Pr (P3%) denotes the corresponding orthogonal
(complement) projection matrix and x,% denotes the orthogonal
projection of x onto R. For two given subspaces R and N, Eg
denotes the corresponding oblique projection matrix with R as
the range space and A as the null space. For a set of vectors
X1, ", Xn, Sp{X1,- -+, Xn} denotes the linear subspace spanned
by x1,--,%Xn. || -|| is the 2-norm.

Oblique Projection The oblique projection [1, 4] obtains the
component of a vector in a particular direction. Specifically, con-
sider subspaces Zr, Zn and Z2 = Zr®Zy in C™ and an arbitrary
vector x € C™ as illustrated in Fig. 1. The oblique projection
of x onto Zg along Zx, denoted by xz |z, . is obtained by (i)
the orthogonal projection x|z of x onto Z, (ii) finding the com-
ponent of Xz in the direction of Zg. In particular, if Zg is the
column space of matrix R and Zn the column space of matrix
N, then
Xzplzy = Bzg,zyX

where Ez, =, is the projection operator given by
Ezpzy = (R 0)(R N)©. (4)

Being a projection, any vector in its range space will be preserved,
ie., for x € Zr, Ez,,zyx = x. Furthermore, for x € Zv® 2",
Ez, zyx = 0, i.e. the projector on Zgr along Zn preserves
any vector in Zg and nulls any vector in Zy @ Z+. Note also
that obtaining the oblique projection of vector x is equivalent to
solving a least squares problem, which can be implemented by
standard recursive techniques.
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Figure 1: Oblique Projection lllustration: The oblique
projection of x onto Zx along Zx is Xz, |z,

III. ISI REMOVAL BY OBLIQUE PROJECTIONS

The joint channel and symbol estimation relies on the isomorphic

relation between the input and output subspaces. Specifically,SF

define
si = [s(t),s(t+1), ], Sip=sp(si,cee,sipi1), (5)
xe = [x(t),x(t+1),- ], Xip = sp(xr, e, Xep11).(6)
Under A1-A2, we have, for m > my,
Xiom = St,m+L- (7)

This property tells us that any input subspace spanned by no less
than mo + L consecutive row vectors can be directly constructed
from the corresponding output subspace. By this property, we
can use such subspace techniques as projection, intersection and
union to obtain the estimates of the channel and input symbols.

The Use of Oblique Projection The key idea here is
one of smoothing: estimate the component related to the cur-
rent input from past and future observations. As in the least
squares smoothing (LSS) approach [6, 10], we aim to eliminate
the interference from past and future input. Specifically, con-

. . . . A
sider L + 1 consecutive noiseless observations Xp41(t + L) =

[x;f_,_L, e x?]T. From (2), we have
ho -+ hg St+L
XL+1(t+L) = . (8)
ho --- hg St L
= s +3(0), (9)
where the interference
J¢)& HxSr + Hp,Sp, (10)
—— ———

past
interference

. future
interference

To obtain hs¢, X14+1(t + L) needs to be projected onto a signal
space containing hs; (but no interference) along the interference
space Z that includes the past and future interferences. Once
hs; is obtained, its rank-1 decomposition leads to the channel
and symbol estimates. Note that, in LSS [10], Xr41(t + L) is
projected onto the orthogonal complement of Z which, in general,
does not include hs;, hence the lost of finite sample convergence
property in the estimator of s;.

The Past and the Future Subspaces The past and future
interferences reside in the subspaces spanned by

P1 2 Si—1,04m = Xic1,m = R{Xn(t — 1)},

F Sti+m,L+m = XixLtmm = R{Xm(t + L + m)}.

The interference subspace is therefore spanned by P1 & Fi. To
obtain the subspace that contains hs;, we extend the past and
future to include current input

P» £ P1@spihsi} = R{Xm1(t)},

Fo 2 Fiespihs}=R{Xmui(t+L+m)}
The row space of the current data ¢ = R{Xrt1(t+ L)} satisfies
(11)

It is important to note that all these subspaces, as illustrated in
Figure 2, can be directly obtained from the observation.
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Figure 2: future, past and current data of the SIMO
system.

The Algorithm: The Algebra From the above subspace
definitions, we have

Ribs;} = Pz )F, R{IM)}CPi&F,
XL+1(t =+ L) hSt =+ J(t)

Therefore, hs; can be obtained from the oblique projection of
Xiz+1(t + L) onto P2 F2 along Py & Fi. To compute this
projection, we call the following lemma [4]

Lemma 1 Let E; be a projector onto subspace R; along N
4 =1,2. Then E = E1E; is a projector onto R = R1 N R2
along/\f = N1 EBNQ if and only ifFE1Ey = EE;.

Since subspaces P;, F; can all be obtained from the observation,
the above lemma leads directly to an estimation algorithm of hs;
by letting E1 = Ex,,p,, E2 = Ep, 7, . It can be verified that
E; and E» commute. Therefore,

hs; = Xp11(t + L) (B, p, Epy )" (12)

It is in [8] that the oblique projection is first applied in SIMO
system for simultaneous channel and symbol estimation. The ma-
jor difference between the proposed algorithm with the one in [8]
is that we only use the row spaces to derive the goal projector
while in [8], the Toeplitz structure of the input matrix is further
exploited to remove the remaining ISI after oblique projection.



The Algorithm: The Geometry Recall from (9) that the
current observation satisfies

XL+1(t —+ L) = hSt =+ P1 +f1 = P2 + fl; (13)
———
P2
= hs;+fi +p1 =2 + p1. (14)
——

fa

These quantities are illustrated in Figure 3, where subspaces are
represented as directed lines or planes, such as Ps, P, R{hs;},
while matrices or data are represented as vectors with specific
lengths, such as p2,p1, Xz+1(t+ L). To obtain hs; = p2» — p1,
we obtain p; from decompositions in (13-14) using two oblique
projections sequentially. From the plane ACFH in Figure 3,
because p2 € Pz and f; € Fi1, p2 can be obtained by the oblique
projection of Xr41(t + L) onto P2 along Fi, i.e.,

P2 = Xiq1(t+ L)Ep, 5.

Now from the plane ABCD, hs; can be obtained from the
oblique projection of p2 onto F2» (ABGH) along P1, i.e.,

hs; = P2E3:-'2,‘P1 = Xp41(t + L)(Exy,py E’P2,71)T'

Xrya(t+L)

Fi @ 7’1":%\ A P1 P1

Figure 3: Channel and Symbol Estimation by Projection

Order Detection For multipath channels with small head and
tail taps, it is desirable to have order detection capability. We now
consider the subspaces when the channel order is over or under
determined as L’'. The corresponding future and past data are
represented in Fig. 4. Notice when L’ # L, the condition in
Lemma 1 is not satisfied, hence the projection result will not
be the outer-product of the channel vector h and the symbol
sequence s;. Define the following matrix:

A

Gi = Egxp Ep, 7 +Ep, 7 Er p,

where the subspaces are defined using L'. The following propo-
sition establishes an order detection algorithm:

Proposition 1 Let B} £ X, (t + I')GT then under noise-
less condition, rank(E}) = 1 if and only if L' = L; otherwise
rank(E}) > 1.

Fa
St4n
Fa
Sty L St
E PQ
St—n
St41 E P1
s
i P2
St—1
t Py 7
St
LVr,
St Py Si+ L
St—1 .
. P1 :
(a) © () ()

Figure 4: (a) Correct order; (b) Over-determined order;(c)
Under-determined order

Thus, in practice, an order detection method by checking the
rank of E} numerically can be implemented before channel co-
efficients estimation. We omit the formal proof (See [9]) but
provide some insights by considering three separate scenarios.

Remarks:

e Case I: L = L' shown in Fig. 4(a). In this case, Gy is still
a projector because Ex,,p, and Ep,, 7, commute. So the
projection E; will have rank one.

e Case ll: L > L' shown in Fig. 4(b). Here F> and P> don't
have an intersection. When Ex, p, Ep,, 7, is applied to
X1/ (t + L"), the only remaining part in the row space is
stEZ, p,. On the other hand, if Ep, 7, Ex, p, is applied,
s+ Ep, 7 will be left. So in general, E} has exactly
rank two.

e Case lll: L < L' shown in Fig. 4(c). In this case,
Er, p,Ep, 7 and Ep, 7, Er, p, are not well-defined be-
cause their range and null spaces are not disjoint. De-
tailed analysis [9] will show the two projectors map the
data matrix into two non-zero matrices but with different
row space, hence the summation of the projections has
rank no less than two.

o In practice, the numerical rank checking is done by com-
paring the ratios of the second largest singular value to
the largest singular value for orders from one to a given
upper bound. The order achieving the smallest ratio is the
detected order. This has the advantage that the subjec-
tive thresh-hold selection is avoided. The disadvantage,
however, is its high computation complexity due to using
SVD.

IV. VARIATIONS

. . " . A
Besides the sequential projection algorithm E; = Ep, 5 Ex, p,,
the geometrical representation in Fig. 3 directly yields two varia-
tions of the algorithm:

1. Assume that we have p> and p1. Then hs; is given by pa—
p1. This is illustrated in the triangle ACD: DC = AC —
AD. The corresponding projector is Ejy 2 Ep, 5 —
E'pl,}'Z, i.e.,

hs; = Xz 11(t + L)ET;.

This procedure can also be done with f> and f;.



2. Assume we have fi,p;. Then hs; is given by XL+1(t +
L)—(fi+p1). The relation is ready to show in the triangle

AEF: EF = AF — AE. The corresponding projector is

B 21— (Ep,, 7, + Ex py). 1€,

hSt = XL+1(t + L)Efll

Some useful remarks are given below:
Remarks:

e Note that by claiming the combination (summation and
difference) of two projectors are still projector, we need
to prove some conditions on the the projectors should be
satisfied as in Lemma 1. We refer readers to [4] for details.

e Under the noiseless condition, the projector E;;; is the
same as Ejj, since Ep, 5, = I—Ex, p,. But in practice,
they have different performances due to the presence of
the additive noise.

e In deriving all these three projectors, the underlying idea is
to remove in C the vectors contained in P2 and F». This
is consistent with LSS [10], where P> and F> are removed
by the use of orthogonal projection. But by orthogonal
projection the remaining part in C is the projection error
S¢, which makes LSS lose the finite sample convergence
property in symbol estimation.

V. SIMULATION EXAMPLE

In this section, we present two simulation examples on chan-
nel and symbol estimation by the proposed algorithms and
some existing deterministic algorithms: “SS-Channel” [3], “SS-
Symbol” [7], “LSS” [10], “J-LSS” [6] and “OB-PM” [8]. Algo-
rithms are compared by Monte Carlo simulations. We use normal-
ized root mean square error (NRMSE) for channel estimation and
root mean square error (RMSE) per symbol for symbol estima-
tion. The input sequence is an i.i.d. equally probable quadrature
phase shift keying (QPSK) complex sequence.

Randomly Generated Channel In our first example, we
demonstrate the performances of the proposed algorithms for
well-conditioned channels with known channel order. The chan-
nels are randomly generated by the following three steps: (1).
Generate L + 1 tap coefficients according to i.i.d. Gaussian dis-
tribution; (2). Interpolate the channel according to the output
number P (over-sampling rate); (3). Normalize the channel to
|[|h|| = 1. In this example, L = 5 and P = 2. 500 channels
are used for each SNR and 100 symbols are used for each Monte
Carlo runs.

The performance curves for channel and symbol estimation are
shown in Fig. 5, 6. It appears that all these deterministic channel
estimation algorithms perform almost the same, and indeed the
differences among the curves disappear after 60 dB.

It is interesting to point out that “SS-symbol” [7] out-
performs the other algorithms by 5 dB in high SNR region. Our
explanation is, in oblique projection based algorithms, symbols
are estimated by forming the intersection of two subspaces F»
and P2, while in “SS-symbol”, symbols are obtained by inter-
secting of all subspaces containing s;.

Multipath Channel In the second example, we present the
simulation results for multipath channels. The channel used here
is the same as the one from [6]. The over-sampling rate is 2 and
the tap number is 5. 200 Monte Carlo runs are used for each
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Figure 5: Randomly generated channel: channel estimation
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Figure 6: Randomly generated channel: Symbol estimation

SNR and 100 symbols are used for each run. The performance
curves are plotted in Fig. 7 and 8.

From Fig. 7, 8, It can be seen that the proposed order de-
tection scheme together with the corresponding projector con-
siderably outperforms those without order detection capability.
And it also performs better than J-LSS[6] for SNR less than 30
dB. In high SNR region, the curve finally coincides with other
deterministic methods when the order is correctly chosen.

VI. CONCLUSIONS

Blind channel and symbol estimation algorithms for a SIMO sys-
tem are considered in this paper. Based on (1) the isomorphic
relationship between the input and output spaces; (2) oblique
projection of the observation onto signal and interference sub-
spaces, we derived three new projectors to estimate the channel
and the symbols simultaneously. These deterministic algorithms
possess the critical property of finite sample convergence both
in channel and symbol estimation, which is highly desirable for
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Figure 7: Multipath channel: Channel estimation
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Figure 8: Multipath channel: Symbol Estimation

short data sample applications. Together with the estimation al-
gorithms, a new order detection scheme is developed. The sim-
ulation results show the efficiency of the proposed algorithms,
especially for multipath channels. The main shortcoming of the
algorithms is the computation burden due to the use of singular
value decomposition.
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